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Preface

This book is intended as an introduction to the electronic and optical 
properties of graphite-related systems. A systematic review is made for 
AA-, AB- and ABC-stacked graphites. The generalized tight-binding model, 
accompanied by the effective-mass approximation and the Kubo formula, is 
developed to investigate electronic and optical properties in the presence/
absence of a uniform magnetic field. The unusual electronic properties cover 
the stacking-dependent Dirac-cone structures, the significant energy widths 
along the stacking direction, the Landau subbands crossing the Fermi level, 
the magnetic-field-dependent Landau-subband energy spectra with cross-
ings and anti-crossings, and the monolayer- or bilayer-like Landau wave 
functions. There are configuration-created special structures in density of 
states and optical spectra. The three kinds of graphites are quite different 
from one another in terms of the available inter-Landau-subband excita-
tion channels, including the number, frequency, intensity and structure of 
absorption peaks. The dimensional crossover presents the main similarities 
and differences between graphites and graphenes; furthermore, the quan-
tum confinement enriches the magnetic quantization phenomena in carbon 
nanotubes and graphene nanoribbons. The cooperative/competitive relations 
between the interlayer atomic interactions, dimensions and magnetic quan-
tization are responsible for the diversified essential properties. Some of the 
theoretical predictions are consistent with the experimental measurements.

Chiun-Yan Lin, Rong-Bin Chen, 
Yen-Hung Ho, and Ming-Fa Lin
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1

1
Introduction

Carbon atoms can form various condensed-matter systems with unique 
geometric structures, mainly owing to four active atomic orbitals. Zero- 
to three-dimensional carbon-related systems cover diamond [1], graphite 
[2–4], graphene [5], graphene nanoribbons [6], carbon nanotubes [7] and car-
bon fullerene [8]. All of these have sp2 bonding except for diamond which 
has sp3. The former might exhibit similar physical properties, for example, 
π-electronic optical excitations [9,10]. Graphite is one of the most extensively 
studied materials, theoretically and experimentally. This layered system is 
very suitable for exploring diverse 3D and 2D phenomena. The interplane 
attractive forces originate from the weak Van der Waals interactions of 
the 2pz orbitals. The honeycomb lattice and the stacking configuration are 
responsible for the unique properties of graphite, for example, its semime-
tallic behavior due to the hexagonal symmetry and the interlayer atomic 
interactions. The essential properties are dramatically changed by the inter-
calation of various atoms and molecules. Graphite intercalation compounds 
can achieve a conductivity as good as copper [4,11–13]. In general, there exist 
three kinds of ordered configurations in the layered graphites and com-
pounds, namely AA, AB and ABC stackings. Simple hexagonal (AA), Bernal 
(AB) and rhombohedral graphites (ABC) exhibit rich and diverse electronic 
and optical properties in the presence/absence of a uniform magnetic field 

= B zB( ˆ)0 . To present a systematic review of them, the generalized tight-bind-
ing model is developed under magnetic quantization. This model, combined 
with the Kubo formula, is utilized to investigate the essential properties of 
layered carbon-related systems. The dimensional crossover from graphene 
to graphite and the quantum confinement in nanotube and nanoribbon sys-
tems are discussed thoroughly. A detailed comparison with other theoretical 
studies and experimental measurements is also made.

Few-layer and multilayer graphenes, with distinct stacking configurations, 
have been successfully produced using various experimental methods since 
the first discovery of monolayer graphene in 2004 by mechanical exfoliation 
[5]. They possess a hexagonal symmetry and a nanoscale size, leading to 
many remarkable characteristics, for example, they have the largest Young’s 
modulus [15], feature-rich energy bands [16,17], diverse optical selective rules 
[18–25], unique magnetic quantization [27–36], anomalous quantum Hall 
effects (QHE) [37–41] and multimode plasmons [42–45]. Their electronic and 
optical properties are very sensitive to changes to the stacking configuration 
[16,29,31,33,34,36], layer number [16,29,31,36], magnetic field [17–24,27–32,36], 
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electric field [17,32], mechanical strain [16,17], doping [16,17] and sliding [35]. 
Five kinds of electronic structures—linear [36], parabolic [27,31,36], partially 
flat [31,36], sombrero-shaped [31,32,36] and oscillatory [32,34,35] energy 
bands—are revealed in AB- and ABC-stacking systems. Oscillatory bands 
can be created by a perpendicular electric field. However, the AA stacking 
only has the first kind of electronic structure. Specifically, the intersection of 
the linear valence and conduction bands can form the so-called Dirac-cone 
structure. The main features of energy bands are directly reflected in the 
other essential properties. The finite-layer confinement effects are expected 
to induce important differences between the layered graphenes and graph-
ites. The close relations arising from the dimensional crossover deserve a 
thorough investigation.

Graphite crystals are made up of a series of stacked graphene planes. 
Among three kinds of ordered stacking configurations, AB-stacked graphite 
is predicted to have the lowest ground state energy according to the first-
principles calculations [46]. Natural graphite presents dominant AB stacking 
and partial ABC stacking [2,3]. AA-stacked graphite, which possesses the 
simplest crystal structure, does not exist naturally. The periodical AA stack-
ing is first observed in the Li-intercalation graphite compounds [4] with a 
high free electron density and a super conducting transition temperature of 
1.9 K [14]. Simple hexagonal graphite is successfully synthesized by using DC 
plasma in hydrogen-methane mixtures [47], and AA-stacked graphenes are 
generated using the method of Hummers and Offeman and chemical-vapor 
deposition (CVD) [48,49]. Furthermore, the AA-stacking sequence is con-
firmed through high-resolution transmission electron microscopy (HRTEM) 
[48]. Specifically, angle-resolved photoemission spectroscopy (ARPES), a 
powerful tool in the direct identification of energy bands, is utilized to exam-
ine two/three pairs of Dirac-cone structures in AA-stacked bilayers/trilayers 
[50,51].

AA-stacking systems have stirred many theoretical research studies, such 
as the investigation of band structures [29,31,52,53,53], magnetic quantization 
[29,31,36,54,55], optical properties [56–58], Coulomb excitations [59,61–63], 
quantum transport [66] and phonon spectra [67]. Simple hexagonal graphite, 
a 3D-layered system with the same graphitic sheets on the (x, y)-plane, was 
first proposed by Charlier et al. [46]. From the tight-binding model and the 
first-principles method, this system belongs to a band-overlap semimetal, 
in which the same electron and hole density originate from the significant 
interlayer atomic interactions. There is one pair of low-lying valence and con-
duction bands. The critical feature is the vertical Dirac-cone structure with a 
sufficiently wide bandwidth of ~ 1 eV along the kz-direction (k wave vector). 
Similarly, the AA-stacked graphene is predicted to exhibit multiple Dirac 
cones vertical to one another [29,36,52]. Moreover, Bloch wave functions are 
the only symmetric or anti-symmetric superpositions of the tight-binding 
functions on the distinct sublattices and layers [36]. Apparently, these 3D 
and 2D vertical Dirac cones will dominate the other low-energy essential 
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properties, for example, the special structures in density of states (DOS) 
[36,53,54], the quantized Landau subbands (LSs) and levels (LLs) [29,36,55], the 
rich optical spectra [57,58] and the diversified plasmon modes [59,61–63]. The 
magnetic quantization is frequently explored by the effective-mass approxi-
mation [29] and the generalized tight-binding model [31,36]. It is initiated 
from the vertical Dirac points: the extreme points in the energy‑wave‑vector 
space. This creates the specific B0-dependent energy spectra and the well-
behaved charge distributions, thus leading to the diverse and unique mag-
neto-absorption peaks, for example, the intraband and interband inter-LS 
excitations, the multichannel threshold peaks and the beating-form absorp-
tion peaks in AA-stacked graphite [55,57,58]. The predicted band structures, 
energy spectra and optical excitations can be verified by ARPES [50,51], scan-
ning tunneling spectroscopy (STS) [64,65] and optical spectroscopy [20–24], 
respectively.

Bernal graphite is a well-known semimetal [2] with a conduction electron 
concentration of ~5 × 1018/cm3. Furthermore, the AB-stacking configuration 
is frequently observed in the layered systems, for example, bilayer [5,68], 
trilayer [68–70] and tetralayer graphenes [68]. AB-stacked graphite possesses 
two pairs of low-lying energy bands that are dominated by the 2pz orbitals, 
owing to a primitive unit cell with two neighboring layers. The highly aniso-
tropic band structure, the strong and weak energy dispersions along the (kx, 
ky) plane and kz-axis, respectively, is confirmed by the ARPES measurements 
[71–75]. Similar examinations are done for two pairs of parabolic bands in a 
bilayer AB stacking [78,79], and the linear and parabolic bands in a trilayer 
system [78,80]. The measured DOS of Bernal graphite presents the splitting π 
and π* peaks at the middle energy (approximately 0.5eV–0.8eV) [64], reflecting 
the highly accumulated states near the saddle points. Furthermore, it is finite 
near the Fermi level (Ef) because of the semimetallic behavior [65]. An elec-
tric-field-induced band gap is observed in the bilayer AB stacking [69]. The 
magnetically quantized energy spectra, with many special structures, are 
also identified using the STS measurements for AB-stacked graphite [81,82] 
and graphenes [83,84], especially the square-root and linear dependences 
on the magnetic field strength (the monolayer- and bilayer-like behaviors at 
low energy). From the optical measurements, Bernal graphite shows a very 
prominent π-electronic absorption peak at frequency ~5 eV [85], as revealed in 
carbon-related systems with the sp2 bonding [86,87]. Concerning the low-fre-
quency magneto-optical experiments, the measured excitation spectra due to 
LSs [88–92,94,96] or LLs [18–24] clearly reveal a lot of pronounced absorption 
structures, the selection rule of ∆n = ±1 (n quantum number) and the strong 
dependence on the wave vector of kz or the layer number (N).

The earliest attempt to calculate the band structures of monolayer gra-
phene and Bernal graphite was made by Wallace using the tight-binding 
model with the atomic interactions of 2pz orbitals [97]. The former 2D sys-
tem has the linear valence and conduction bands intersecting at EF, where it 
belongs to a zero-gap semiconductor with a vanishing DOS. However, the 
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semimetallic, 3D electronic structure can be further comprehended through 
the Slonczewski–Weiss–McClure Hamiltonian involving important intra-
layer and interlayer atomic interactions [98,99]. The magnetic Hamiltonian 
can be solved by the low-energy perturbation approximation, in which the 
LS energy spectra exhibit crossing and anti-crossing behaviors [101,102]. The 
generalized tight-binding model, which deals with the magnetic field and 
all atomic interactions simultaneously, was developed to explore the main 
features of LSs, for example, two groups of valence and conduction LSs, and 
the layer-, kz- and B0-dependent spatial oscillation modes [88,100]. As to the 
AB-stacked graphenes, their electronic and magneto-electronic properties 
present bilayer- and monolayer-like behaviors, which are associated with 
two pairs of parabolic bands and a slightly distorted Dirac cone, respectively 
[16,36]. The former is only revealed in the odd-N systems. Optical spectra of 
AB-stacked systems are predicted to exhibit a strong dependence of special 
structures on the layer number and dimension [18–24]. The magneto-optical 
excitations arising from two groups of LSs in graphite or N groups of LLs 
in graphenes could be evaluated using the generalized tight-binding model 
[88]. On the other hand, those due to the first group of LSs/LLs are frequently 
investigated in detail by the effective-mass approximation [101,102]. The cal-
culated electronic and optical properties are in agreement with the experi-
mental measurements [81,82].

The rhombohedral phase is usually found to be mixed with the Bernal 
phase in natural graphite. The ABC-stacking sequence in bulk graphite is 
directly identified from the experimental measurements of HRTEM [103], 
x-ray diffraction [104–106] and scanning tunneling microscopy (STM) 
[107,108]. Specifically, this stacking configuration can account for the mea-
sured 3D QHE with multiple plateau structures [109] as rhombohedral graph-
ite possesses well-separated LS energy spectra [111,112]. In addition, doped 
Bernal graphite is predicted to exhibit only one plateau [113]. Both ABC- and 
AB-stacked graphenes can be produced by the mechanical exfoliation of 
kish graphite [114,115], CVD [116–119], chemical and electrochemical reduc-
tion of graphite oxide [120–122], arc discharge [123–125], flame synthesis [126] 
and electrostatic manipulation of STM [127,130]. The ARPES measurements 
have verified the partially flat, sombrero-shaped and linear bands in trilayer 
ABC‑stacking [80]. As to the STS spectra, a pronounced peak at the Fermi 
level characteristic of the partial flat band is revealed in trilayer and penta-
layer ABC stacking [128–130]. Moreover, infrared reflection spectroscopy and 
absorption spectroscopy are utilized to examine the low-frequency optical 
properties, displaying clear evidence of two-featured absorption structures 
due to the partially flat and sombrero-shaped energy bands [131]. According 
to the specific infrared conductivities, infrared scattering scanning near-
field optical microscopy can distinguish the ABC-stacking domains with 
nanoscaled resolution from other domains. However, the magneto-optical 
measurements for ABC-stacked graphenes have been absent up to now.
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ABC-stacked graphite has a rhombohedral unit cell, while AA- and 
AB-stacked systems possess hexagonal ones. This critical difference in stack-
ing symmetry is responsible for the diversified essential properties. Among 
three kinds of bulk graphites, rhombohedral graphite is expected to present 
the smallest band overlap (the lowest free carrier density), and the weakest 
energy dispersion along the kz-direction [110,132]. There also exists a robust 
low-energy electronic structure: a 3D spiral Dirac-cone structure. This 
results in unusual magnetic quantization [111,112,134], in which the quan-
tized LSs exhibit monolayer-like behavior and significant kz-dependence. 
Previous studies show that four kinds of energy dispersions exist in ABC-
stacked graphenes [31,36]. Specifically, the partially flat bands corresponding 
to the surface states and the sombrero-shaped bands are absent in the bulk 
system. They can create diverse and unique LLs with asymmetric energy 
spectra around EF, normal and abnormal B0-dependences, well-behaved and 
distorted probability distributions, and frequent crossings and anti-cross-
ings [31,36]. Apparently, optical and magneto-optical properties are greatly 
enriched by the layer number and dimension [135–138]. The quantized LLs 
of the partially flat bands and the lowest sombrero-shaped band have been 
verified by magneto-Raman spectroscopy for a large ABC domain in a gra-
phene multilayer flake [139]. Layered graphenes are predicted to have more 
complicated excitation spectra compared with 3D systems. The former and 
the latter, respectively, reveal N2 categories of inter-LL transitions and one 
category of inter-LS excitations [136,137].

In addition to the stacking configurations, the distinct dimensions can cre-
ate diverse phenomena in carbon-related systems. Quantum confinement in 
1D carbon nanotubes and graphene nanoribbons plays a critical role in the 
essential properties. Systematic studies have been made for the former since 
the successful synthesis of carbon nanotubes using arc-discharge evapora-
tion in 1991 [7]. Each carbon nanotube can be regarded as a rolled-up gra-
phene sheet in a cylindrical form. It is identified as a metal or semiconductor, 
depending on the radius and chiral angle [140–142]. The geometry-depen-
dent energy spectra, with energy gaps (Eg’s), are directly verified from the 
STS measurements [207,208]. Specifically, the cylindrical symmetry can pres-
ent the well-known Aharonov–Bohm effect under an axial magnetic field 
[145–148]. This is confirmed by the experimental measurements on optical 
[149,150] and transport properties [151–153]. However, a closed surface acts 
as a high barrier in the formation of the dispersionless LLs, as a perpendicu-
lar magnetic field leads to a vanishing flux through carbon hexagons. It is 
very difficult to observe the physical phenomena associated with the highly 
degenerate states, except for very high field strength [154].

The essential properties are greatly enriched by the boundary conditions 
in 1D systems. The open and periodical boundaries, which, respectively, 
correspond to the graphene nanoribbon and carbon nanotube, induce the 
important differences between them. A graphene nanoribbon is a finite-
width graphene or an unzipped carbon nanotube. Graphene nanoribbons 
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can be produced by cutting few-layer graphenes [155,156], unzipping mul-
tiwalled carbon nanotubes [157–159] and using direct chemical syntheses 
[160–162]. The cooperative or competitive relations between the open bound-
ary, the edge structure and the magnetic field are responsible for the rich and 
unique properties. The 1D parabolic bands, with energy gaps, in armchair 
graphene nanoribbons are confirmed by ARPES [163]. Furthermore, STS has 
verified the asymmetric DOS peaks and the finite-size effect on the energy 
gap [164–167]. Optical spectra are predicted to have edge-dependent selec-
tion rules [168–170]. The theoretical calculations show that only quasi-LLs 
(QLLs), with partially dispersionless relations, can survive in the presence of 
a perpendicular magnetic field [171,172]. The magneto-optical selection rule, 
as revealed in layered graphenes, sharply contrasts with that of the carbon 
nanotubes with well-defined angular momenta along the azimuthal direc-
tion [173].

In this book, we propose and develop a generalized tight-binding model 
to fully comprehend the electronic and optical properties of graphite-related 
systems. The Hamiltonian is built from the tight-binding functions on the 
distinct sublattices and layers, in which all important atomic interactions, 
stacking configurations, layer numbers and external fields are taken into 
account simultaneously. A rather large Hamiltonian matrix, being associated 
with the periodical variation of the vector potential, is solved using an exact 
diagonalization method. The essential properties can be evaluated very effi-
ciently. Moreover, the effective-mass approximation is utilized to provide the 
qualitative behaviors and the semiquantitative results, for example, the layer-
dependent characteristics. Specifically, the Onsager quantization method is 
introduced to study the magnetic LS energy spectra in ABC-stacked graphite 
with unique spiral Dirac cones. Such approximations are useful in the identi-
fication of the critical atomic interactions that create the unusual properties.

The AA-, AB- and ABC-stacked graphites and graphenes, and 1D graphene 
nanoribbons and carbon nanotubes, are worthy of a systematic review of 
essential properties. Electronic and optical properties, which mainly come 
from carbon 2pz orbitals, are investigated in the presence/absence of a mag-
netic field. Electronic structures, quantized LS and LL state energies, mag-
netic wave functions, DOS and optical spectral functions are included in the 
calculated results. Band widths, energy dispersion relations, critical points 
in energy-wave-vector space, crossings and anti-crossings of B0-dependent 
energy spectra, spatial oscillation modes of localized probability distribu-
tions, and various special structures in DOS are explored in detail. The main 
features of optical excitations focus on the available excitation channels; the 
form, number, intensity and frequency of prominent absorption structures; 
and the layer/dimension and field dependences. Moreover, the theoretical 
predictions are compared with the ARPES, STS and optical measurements 
and require more experimental examinations. Chapter 2 covers geometric 
structures, important atomic interactions, the generalized tight-binding 
model and the Kubo formula, in which the main issues are the construction 
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of the magnetic Hamiltonian and the efficient combination of two meth-
ods. In Chapter 3, the stacking- and layer-enriched essential properties are 
studied for the AA-stacked graphite and graphenes, especially those due 
to multiple vertical Dirac-cone structures. The analytical band structures 
and magneto-electronic energy spectra are obtained from the approximate 
expansions around the high symmetry points. They illustrate the diversified 
characteristics of the close relations between, for example, the determina-
tion of the close relations between the absorption spectra and the important 
intralayer/interlayer atomic interactions. The dimensional crossover from 
monolayer graphene to graphite creates the critical differences between 2D 
and 3D phenomena, including the semiconductor–semimetal transition, the 
kz-dependent band width, the LS/LL energy spectra near the Fermi level, the 
optical gap and the low- and middle-frequency absorption structures.

The dramatic transformations of essential properties are clearly revealed in 
distinct stacking configurations. As to the AB-stacked systems, the linear and 
parabolic energy dispersions, crossings and anti-crossings of LS/LL energy 
spectra, well-behaved and perturbed magnetic wave functions, layer- and 
dimension-dependent optical spectra, and rich magneto-absorption peaks 
are investigated in Chapter 4. The monolayer- and bilayer-like behaviors are 
presented for Bernal graphite and layered AB stacking. Specifically, ABC-
stacked graphene has linear, parabolic, partially flat and sombrero-shaped 
energy bands, while rhombohedral graphite exhibits a 3D spiral Dirac-cone 
structure, as indicated in Chapter 5. Such characteristics are expected to cre-
ate unique essential properties. The low-energy approximation and magnetic 
quantization are proposed to explain the diversified electronic properties and 
optical spectra. In Chapter 6, the reduced dimension in graphene nanorib-
bons and carbon nanotubes leads to the rich essential properties being sensi-
tive to the open/periodical boundary condition, width/radius, edge/chiral 
angle and external fields. Comparisons among the graphite-related systems 
and potential applications are also discussed. Finally, Chapter 7 contains 
concluding remarks and discusses how the theoretical framework could be 
further extended to other mainstream layered materials.
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2
Theoretical Models and 
Experimental Techniques

In the presence of a uniform magnetic field, B = B z0 ˆ, electrons are forced 
to undergo cyclotron motion in the x–y plane. As a result, electronic states 
are evolved into highly degenerate states, referred to as Landau subbands 
(LSs) in graphites. The 1D LSs are calculated from the subenvelope func-
tions established on different sublattices in the framework of the general-
ized tight-binding model, which simultaneously takes into account external 
fields and atomic interactions. The magneto-Hamiltonian is built from the 
tight-binding functions coupled with a periodic Peierls phase in an enlarged 
unit cell; the period depends on the commensurate relation between the lat-
tice constant and the Peierls phase. According to the Kubo formula, it could 
be further utilized to comprehend the main features of magneto-absorption 
spectra, which are closely related to the Landau-level spectrum and the tran-
sition matrix elements. The method provides accurate and reliable results for 
a wide energy range. The three prototypical configurations of bulk graph-
ites, namely simple hexagonal, Bernal and rhombohedral graphites, are 
chosen for a systematic review. The magnetic quantization in 3D graphene 
systems shows interesting phenomena as a function of the stacking configu-
ration and the magnetic field strength. The aforementioned electronic and 
optical properties can be experimentally verified by scanning tunneling 
microscopy (STM), scanning tunneling spectroscopy (STS), angle-resolved 
photoemission spectroscopy (ARPES) and absorption spectroscopy. A brief 
introduction of these instruments will be presented.

2.1  Magnetic Tight-Binding Model for Layered Graphites

The geometric structures of simple hexagonal, Bernal and rhombohedral 
bulk graphites are shown in Figure 2.1a through c. They are, respectively, 
constructed from 2D graphene layers periodically stacked along ẑ with AA-, 
AB- and ABC-stacking configurations, where the layer–layer distance Iz is 
set as 3.35 Å. Detailed definitions of the stacking sequences are provided in 
the following sections. The hexagonal unit cells of different graphites are 
marked by the gray shadows, which contain two sublattices, Al and Bl, on 
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each layer, where l represents the number of the layer, and the symbols α, 
β, and γ indicate the interlayer and intralayer hopping integrals. The first 
Brillouin zone is a hexagonal prism, as shown in Figure 2.1e, where the 
highly symmetric points are defined as Γ, M, K, A, L and H. The KH lengths 
for the AA, AB and ABC stackings are, respectively, equal to π/Iz, π/2Iz and 
π/3Iz based on the periods along ẑ.

(a) (b) (c)

AA AB ABC

α0 γ0

α1

γ1

α3 γ3

α2

γ2
γ4 γ5

β0

β1
β3

β2

β4

β5

A2

A2Rs

A2Rs–1

B2Rs–1
B2Rs

B2

B

B1
A1

x

y
z

(d)

A

k̂z

k̂yk̂x

H

L
Γ

M
K

A H

L
Γ

M
K

(e)

k̂z

k̂yk̂x
(f )

FIGURE 2.1 
Geometric structures and atomic interactions of (a) AA-, (b) AB- and (c) ABC-stacked graphites; 
(d) an enlarged unit cell in a magnetic field; (e) the zero-field first Brillouin zone; and (f) the 
field-dependent reduced zone.
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In general, the essential physical properties are mainly determined by 2pz 
orbitals of carbon atoms. Built from the subspace spanned by the tight-bind-
ing functions ϕAl  and ϕBl (l = 1, 2, …), the wave function is characterized by 
their linear combination over all A and B sublattices in a unit cell:

 	 Ψ = +∑
l

A A B BC Cl l l lϕ ϕ , 	 (2.1)

where CAl  and CBl are normalization factors. The tight-binding functions are

 	

ϕ χ

ϕ χ

A
R

A A

B
R

B B

l

Al

l l

l

Bl

l l

i

i

= ⋅( ) −( )

= ⋅( ) −( )

∑
∑

exp

exp

k R r R

k R r R ,
	 (2.2)

where:
	χ(r)	 is the atomic 2pz orbital of an isolated carbon
	 R	 is the position vector of an atom

The effective momentum in the presence of B is P − eA/c, so that the 3D 
electronic bands of bulk graphites are quantized into the so-called 1D LSs. 

A periodic Peierls phase GR ≡ 2 0π φ/ . A r r
R

( )d
′∫R

 is introduced to the tight-

binding functions in Equation 2.2, where A is the vector potential and 
ϕ0 = 2πħc/e (4.1356 × 10−15 [T · m2]) is the flux quantum. The Hamiltonian ele-
ment coupled with the Peierls phase factor is given by

 	 H H e H ei j
B

i j
i G

i j

i d
i j

, , ,
,= =

∫ ( )⋅
∆

2

0

π
φ

Rj

Ri
A r r

.	 (2.3)

The phase factor gives rise to an enlargement of the primitive unit cell 
(Figure 2.1d), depending on the commensurate period of the lattice and the 
Peierls phase. Using the Landau gauge A = (0, B0x, 0), the period of the phase 
is l R bxB= 3 ˆ , in which there are 2RB A and 2RB B atoms in an enlarged unit 

cell R
b

B B
B =

′( )











φ0
2

0 0

3 3 2 79000/
.

/ T
�

This implies that the wave functions of graphites under a uniform mag-
netic field can be characterized by the subenvelope functions spanned over 
all bases in the enlarged unit cell, the zero points of which are used to define 
the quantum numbers of LSs. The wave function is decomposed into two 
components in the magnetically enlarged unit cell as follows:

 	 Ψk k k k k= +( ) + +( )
=

−

=
∑ ∑A A B B A A B Bo m o m

m

R

e m e m

m

RB B

1

2 1

1

2

, 	 (2.4)
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where o and e, respectively, represent the odd-indexed and even-indexed 
parts. The subenvelope function Ao,e (Bo,e), described by an n-th order Hermite 
polynomial multiplied with a Gaussian function, is an even or odd function 
(depending on n) and represents the probability amplitude of the wave func-
tion contributed by each carbon atom. Considering the Peierls substitution 
for interlayer and intralayer atomic interactions, we can obtain the explicit 
form of the magnetic Hamiltonian matrix of bulk graphites. A procedure for 
the band-like Hamiltonian matrix is further introduced to efficiently solve 
the eigenvectors and eigenvalues by choosing an appropriate sequence  
for the bases. In the following sections, the Hamiltonian matrices are derived 
for simple hexagonal, Bernal and rhombohedral graphites in the generalized 
tight-binding model.

2.1.1  Simple Hexagonal Graphite

In simple hexagonal graphite, each graphene sheet has the same projection on 
the x−y plane, as shown in Figure 2.1a. The primitive unit cell includes only 
two atoms that are the same as those of monolayer graphene. Four impor-
tant atomic interactions are used to describe the electronic properties, that is, 
α0(= 2.569 eV), α1(= 0.361 eV), α2(= 0.013 eV) and α3(=−0.032 eV) [53], respectively, 
derived from intralayer hopping between nearest-neighbor atoms, interlayer 
vertical hoppings between nearest- and next-nearest-neighbor planes, and non-
vertical hopping between nearest-neighbor planes. The zero-field Hamiltonian 
matrix in the subspace of a tight-binding basis {φA, φB} is expressed as

 	 H
h h h f k k

h f k k h h
AA

x y

x y

=
+ −( ) +( ) ( )

+( ) ( ) + −

α α α α

α α α α

1 2
2

0 3

0 3 1 2
2

2 ,

,* 22( )












, 	 (2.5)

where:

f k k i ibk ibk bkx y

j

j x x y( , ) ( ) ( ) ( ) ( )= ⋅ = +
=

∑
1

3

2 3 2exp exp exp / cos /k r   represents 

the phase summation arising from the three nearest neighbors
h = 2cos(kzIz)

The kz-dependent terms are involved in the matrix elements due to the 
periodicity along the z-direction. The π-electronic energy dispersions are 
obtained from diagonalizing the Hamiltonian matrix in Equation 2.5:

 	 E k k k h
h

h f k kc v
x y z x y± ( ) = +

−






± +( ) ( ), , , , ,α α α α1 2

2

0 32
2 1

	 (2.6)

and wave functions are
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 	 Ψ± = ±
( )
( )











,

,
,

*

,

,

,
.k k k

c v
A

x y

x y
Al l

f k k

f k k

1
2

ϕ ϕ 	 (2.7)

The superscripts c and v, respectively, represent the conduction and valence 
states.

As a result of the vector-potential-induced phase, the number of bases in 
the primitive unit cell is increased by 2RB times compared to the zero-field 
case. Using the Peierls substitution of Equation 2.4 and considering only the 
neighboring atoms coupled by α’s, one can derive a band-like form for the 
magnetic Hamiltonian matrix of AA-stacked graphite:

 	 B H B A H A h hm m m m m mk k k k| | | | ,′ ′ ′= = + −



( )α α δ1 2

2 2 , 	 (2.8)

 	 A H B h t m qm m m m m mk k k| | , ,′ ′ − ′= +( ) +( )( )α α δ δ0 3 1 1 . 	 (2.9)

The eigenvector is expanded in the bases with the specific sequence 
{ }, , , , ........ ,A B B A B AR R R RB B B B1 2 1 2 1k k k k k k +  and the three independent phase 
terms are expressed as

 	

t m i k b k b m

i k b

x y

x

1 2 3 2 1 1 6

2

k ( ) = −( ) − ( ) + − +( )



{ } +

−(

exp / / /

exp /

πΦ

)) + ( ) − − +( )



{ }

= ( )

3 2 1 1 6k b m

q ik b

y

x

/ / ,

exp ,

πΦ 	 (2.10)

where Φ is the magnetic flux through each hexagon. By diagonalizing the 
Hamiltonian matrix, the kz-dependent energies and wave functions of the 
valence and conduction LSs are thus obtained. Such a band-like matrix 
spanned by a specific order of the bases is also applicable to other prototype 
bulk graphites. In addition, when the low-energy approximation, in relation 
to the Dirac points, is made for the Hamiltonian matrix in Equation 2.5, the 
LS’s spectrum is further evaluated from magnetic quantization (discussion 
in Section 3.3.2) [55]. However, the conservation of 3D carrier density needs 
to be included in this evaluation.

2.1.2  Bernal Graphite

Bernal graphite is the primary component of natural graphite. The primi-
tive unit cell comprises A1, B1, A2 and B2 atoms on two adjacent layers, 
where A1 and A2 (B1 and B2) are directly located above or below A2 and 
A1 (the centers of hexagons) in adjacent layers, a configuration named 
AB stacking (Figure 2.1b). The critical atomic interactions based on the 
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Slonczewski–Weiss–McClure (SWM) model cover γ0, , γ5, which are inter-
preted as hopping integrals between nearest-neighbor and next-nearest-
neighbor atoms, and additionally γ6, which refers to the difference of the 
chemical environments between non-equivalent A and B atoms. The values 
are as follows: γ0 = 3.12 eV, γ1 = 0.38 eV, γ2 = −0.021 eV, γ3 = 0.28 eV, γ4 = 0.12 eV, 
γ5 = −0.003 eV and γ6 = −0.0366 eV [46].

The tight-binding Hamiltonian is described by a 4 × 4 matrix, which, 
expanded in the basis {φA

1, φB
1, φB

2, φA
2}, takes the form

 H

E f k k h hf k k

f k k E hf k k
AB

A x y x y

x y B x y
=

( ) ( )
( )

γ γ γ

γ γ γ
0 1 4

0 4 3

, ,

, ( , )

*

* * hhf k k

h hf k k E f k k

hf k k hf k k

x y

x y A x y

x y x y

,

, ,

, ,

*

*

( )
( ) ( )

( )
γ γ γ

γ γ
1 4 0

4 3 (( ) ( )



















γ 0 f k k Ex y B,

% 	 (2.11)

where EA = γ6 + γ5h2/2 and EB = γ2h2 / 2. These indicate the sum of the on-site 
energy and hopping energy of A and B atoms, respectively.

Energy bands and wave functions are easily calculated by diagonalizing 
the Hamiltonian matrix.

At B = B z0 ˆ , the magnetically enlarged unit cell includes 2 × 4RB bases, 
which constructs the kz-dependent Hamiltonian matrix with non-zero terms 
only between neighboring sublattices on same and different layers. An 
explicit form of the matrix element is given by

	 B H A t m qm m m m m mk k k
1 1

0 1 1| | ,, ,′ ′ + ′= − ( ) +( )γ δ δ 	  (2.12)

	 B H A h t m qm m m m m mk k k
1 2

4 1 1| | ,, ,′ ′ + ′= ( ) +( )γ δ δ 	  (2.13)

	 A H A hm m m mk k
2 1

1| | ,,′ ′= γ δ 	  (2.14)

	 B H B h t m qm m m m m mk k k
2 1

3 2 1| | ,, ,′ ′ + ′= ( ) +( )γ δ δ 	  (2.15)

	 A H B t m qm m m m m mk k k
2 2

0 3 1| | ,, ,′ − ′ ′= − ( ) +( )γ δ δ 	  (2.16)

	 A H B h t m qm m m m m mk k k
1 2

4 3 1| | ,, ,′ − ′ ′= − ( ) +( )γ δ δ 	  (2.17)

	 A H A A H A Em m m m A m mk k k k
1 1 2 2| | | | ,,′ ′ ′= = δ 	  (2.18)
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	 B H B B H B Em m m m B m mk k k k
1 1 2 2| | | | ,′ ′ ′= = δ 	  (2.19)

where:
t1k(m) and q	 are shown in Equation 2.10
t2k(m) and t3k(m)	 are expressed as

	

t m i k b k b m

i k b

x y

x

2 2 3 2 1 3 6

2
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
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πΦ
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/ / ;

/ /

πΦ

k exp ++ − +( )



{ }

+ −( ) + ( ) − − +( )



{

π

π

Φ

Φ

m

i k b k b mx y

1 5 6

2 3 2 1 5 6

/

/ / /exp }}.

	  (2.20)

It should be noted that the calculations based on the effective-mass approx-
imation have trouble with the infinite order of the Hamiltonian matrix 
induced by the significant interlayer hopping integral of γ3 [29,30]; this diver-
gence also exists for ABC-stacked systems [264]. Nevertheless, through a 
qualitative perturbation analysis of γ3 and other interlayer interactions, the 
minimal model, which regards γ0 and γ1 as the unperturbed terms, describes 
effectively the low-energy dispersions in the vicinity of the vertical edges in 
the first Brillouin zone. The generalized Peierls tight-binding model, which 
retains all important atomic interactions and magnetic fields, however, can 
provide comprehensive descriptions for graphites that offset the limitations 
of accuracy at low energies.

2.1.3  Rhombohedral Graphite

For ABC-stacked graphite, called rhombohedral graphite, the unit cell is cho-
sen along the z-direction (Figure 2.1c). There are six atoms in a unit cell. The 
interlayer atomic interactions, based on the SWM model, take into account 
the nearest-neighbor intralayer interaction β0 = −2.73 eV and five interlayer 
interactions β1 = 0.32 eV, β2 = −0.0093 eV, β3 = 0.29 eV, β4 = 0.15 eV and β5 = 0.0105 
eV, in which the former two refer to vertical atoms and the latter three are 
non-vertical [111]. The Hamiltonian matrix can be expressed as a combina-
tion of nine 2 × 2 submatrices for simplicity:

	 H

H H H

H H H

H H H
ABC =

















1 2 2

2 1 2

2 2 1







, 	  (2.21)

Where H1 and H2 take the forms
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	 H
f k k
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H
ik I i k I f k k

ik I

z z z z x y

z z

2

4 5

3 5

2
=

( ) + −( )( ) ( )
( ) +

β β

β β

exp exp ,

exp ex

*

pp ,

exp exp

exp

−( )( ) ( )







( ) + ( )

i k I f k k

ik I i k I

ik

z z x y

z z z z

2

21 2

4
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



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. 	 (2.23)

It is also noted that the hexagonal unit cell used here is not the primi-
tive unit cell of rhombohedral graphite. The primitive unit cell should be a 
rhombohedral form that consists of two atoms and is inclined to the z-axis 
by an angle θ = ( )−tan / /1 2b Iz  (Figure 2.1c). That is to say, the bases of the 
primitive unit cell are reduced from 6 to 2, as the rhombohedral unit cell is 
selected instead of the hexagonal one [110]. The Hamiltonian has an analytic 
solution near the zone edges H-K-H by using a continuum approximation 
[111,132,265]. This reflects the fact that the energy dispersions in the hexago-
nal cell can be zone-folded to the primitive rhombohedral one, and that the 
inversion symmetry is characterized similarly to that of simple hexagonal 
graphite. As a result, the physical properties of rhombohedral graphite might 
present certain features similar to those of monolayer graphene or simple 
hexagonal graphite, and their difference is only the degeneracy of energy 
states. A comparison between rhombohedral and hexagonal unit cells is 
made in detail in Chapter 5.

At B = B z0 ˆ , the magnetically enlarged rectangle cell is chosen as the 
enlargement of the hexagonal unit cell along the z-axis for the convenience 
of calculations. Such a rectangular cell includes 3 × 4RB atoms and the 
Hamiltonian matrix elements are given by

	 B H A t m qm m m m m mk k k
1 1

0 1 1| | ,, ,′ ′ ′−= ( ) +( )β δ δ 	  (2.24)

	 B H A t m qm m m m m mk k k
2 2

0 3 1| | ,, ,′ ′− ′= ( ) +( )β δ δ 	  (2.25)

	 B H A t m qm m m m m mk k k
3 3

0 3 1| | ,, ,′ ′ ′+= ( ) +( )β δ δ 	  (2.26)

	 A H B A H B B H A e em m m m m m
i k I ik Iz z z

k k k k k k
1 2 2 3 1 3

1
3

2
6| | | | | |′ ′ ′

−= = = +β β zz
m m( ) ′δ , , 	  

� (2.27)
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i k I ik I
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z z z z

k k k
3 1
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	 A H A e e t m qm m
i k I ik I

m m m m
z z z z

k k k
3 1

4
3

5
6

1 1| | , ,′
−

′ ′+= +( ) ( ) +( )β β δ δ . 	  (2.35)

The independent phase terms t1k(m), t2k(m), t3k(m) and q are shown in 
Equations 2.10 and 2.20. The generalized tight-binding model, accompa-
nied by an exact diagonalization method, can further be applied to study 
other physical properties, such as the optical absorption spectra [18,56–
58,88,137,138] and plasma excitations [59,61,382]. Different kinds of external 
fields, for example, a modulated magnetic field [174], a periodic electric 
potential [175] and even a composite field [176], could also be included in 
the calculations simultaneously. Furthermore, this model can be applied 
to other layered materials with a precisely chosen layer sequence, such 
as graphene, MOS2 and silicene, germanene, tinene and phosphorene 
[177–181]. The electronic structures and characteristics of wave functions 
are well depicted and the results are accurate and reliable within a wide 
energy range.
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2.1.4  Gradient Approximation for Optical Properties

When graphite is subjected to an electromagnetic field, the optical spectral 
function A(ω) is used to describe its optical response. At zero temperature, 
A(ω) is expressed as follows according to the Kubo formula:
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	  (2.36)

where the definite integral spans over the first Brillouin zone (1st BZ), Ê  is 
the direction of electric polarization, P is the momentum operator, f [Ek(n)] is 
the Fermi-Dirac distribution, me is the electron mass and γ is the phenomeno-
logical broadening parameter. Ê, which lies on the (x, y) plane, is chosen for a 
model study. nc,v is the energy band index measured from the Fermi level at 
zero field, or it represents the quantum number of each LS. The integration 
for all wave vectors is made within a hexahedron (a rectangular parallelepi-
ped) in a zero (non-zero) magnetic field. The initial and final state satisfy the 
condition of Δk = 0, which is responsible for the zero momentum of photons. 
This implies that only the vertical transitions are available in the valence 
and conduction bands. Using the gradient approximation [18,57], the velocity 
matrix element is evaluated from

	 M n n n
m

n n H nc v c v c c

e

v v c c
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v v
yk k k k k

E P
E, , ~ |( ) ( ) ( ) ( ) ( )= ⋅ ∂Ψ Ψ Ψ Ψ

�
�for || .y 	  

� (2.37)

According to Equations 2.1, 2.5, 2.11 and 2.21, the velocity matrix elements 
of simple hexagonal, Bernal and rhombohedral graphite are given by
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where ∂ = ∂ ( ) ∂ = −( ) ( ) ( )k x y y x yy f f k k k b ibk bk, / / / /3 2 2 3 2exp sin  and 
′β5  = β5exp(−i2kzIz). Substituting these matrix elements into A(ω) in Equation 

2.36, and integrating all the available transitions over the first Brillouin zone 
and the quantum numbers, the spectral absorption function A(ω) is obtained. 
In addition, the absorption spectra are almost independent of the polariza-
tion direction when Ê  is on the x–y plane.

The velocity matrix significantly depends on the relation between the ini-
tial- and final-state wave functions, a main factor in determining the transi-
tion intensity and the optical selection rule. In the absence of external fields, 
what should be especially noted is the optical transitions centered around 
the highly symmetric k points, for example, Γ, M, K …, where the joint den-
sity of states (JDOS) and Mc,v (nc, nv, k) have relatively large values. Under a 
magnetic field, the Bloch function at a fixed kz is a linear combination of the 
products of the subenvelope function and the tight-binding function on each 
sublattice site in the enlarged unit cell (Equation 2.4). Consequently, Mc,v (nc, 
nv, k) in Equation 2.37 can be expressed as
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where the operator ∂ky H  takes the following forms:
For simple hexagonal graphite,

	 A H B h u mm k m m myk k k∂ = +( ) ( )′ ′α α δ0 3 1 , , 	  (2.42)

For Bernal graphite,

	 B H A u mm k m m myk k k
1 1

0 1∂ − ( )′ ′ = γ δ , , 	  (2.43)

	 B H A hu mm k m m myk k k
1 2

4 1∂ ( )′ ′ =γ δ , , 	  (2.44)

	 B H B hu mm k m m myk k k
2 1

3 2∂ ( )′ ′ =γ δ , , 	  (2.45)

	 A H B u mm k m m myk k k
2 2

0 3 1∂ − ( )′ − ′ = γ δ , , 	  (2.46)

	 A H B hu mm k m m myk k k
1 2

4 3 1∂ − ( )′ − ′ = ,γ δ , 	  (2.47)

For rhombohedral graphite,

	 B H A u mm k m m myk k k
1 1

0 1∂ = ( )′ ′β δ , , 	  (2.48)

	 B H A u mm k m m myk k k
2 2

0 3 1∂ = ( )′ ′−β δ , , 	  (2.49)

	 B H A u mm k m m myk k k
3 3

0 3∂ = ( )′ ′β δ , , 	  (2.50)

	 A H B e e u mm k m
ik I ik I

m my
z z z z

k k k
3 2

3 5
6

1 1∂ = +( )′
−

′−β β δ( ) ,, 	  (2.51)
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where uik(m) is the partial derivative of tik(m) with respect to ky and is 
expressed as follows:
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Nevertheless, Mc, v (nc, nv, k) is simplified as the product of three matrices: 
the operator ∂kyH and the eigenfunctions of the initial and final states. It can 
be deduced as a simple inner product of the subenvelope functions, due to 
the fact that the Peierls phase slowly changes in the enlarged unit cell so that 
this derivative term ∂H/∂ky can be taken out of the summation in Equation 
2.36. Considering both interlayer and intralayer atomic interactions, one 
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finds that while all the hopping integrals, α’s, β’s or γ’s, make contributions to 
the absorption spectrum, it is the relatively stronger in-plane atomic interac-
tions, α0, β0 or γ0, that play the most important role in the optical transitions. 
When the occupied LSs are excited to the unoccupied ones, the available 
excitation channels satisfy the general selection rule, ∆n n nA B

c
B A
v

l l l l= − = ±( ) ( ) 1, 
where nA B

l
( )  indicates the quantum mode for the A(B) sublattices on the l-th 

layer. The detailed calculation results are discussed in the following chapters.

2.2  Scanning Tunneling Microscopy and Spectroscopy

STM has been developed into the most important instrument for imag-
ing the surface structure since its invention by Binnig and Rohrer in 1982 
[182]. By combining a metallic tip and a precise scanning device, both the 
lateral and vertical surface information can be obtained with atomic resolu-
tions by means of measuring the tunneling currents through the tip and 
samples. Obtained from the selected positions of examined materials are 
the full surface topographies, such as the bond lengths [183], crystal orienta-
tions [128,130], corrugation [184], edge structures [185–188], local vacancies 
[189,190], dislocations [191,192] and defects [193,194]. The spectroscopy con-
sists of a scanning tip, high-voltage (HV) amplifiers, piezoelectric devices and 
a computer, as shown in Figure 2.2. Based on the quantum tunneling effect, 
a small electric current is built through the sample and the tip by applying 
a bias voltage [203]. The tunneling current is exponentially decayed with the 
increasing surface-tip distance, flowing from the occupied electronic states 
of the tip into the unoccupied ones of the surface under a positive bias volt-
age V > 0, or vice versa. The spectroscopic response is barely influenced by 
the background in an ultrahigh vacuum environment.

In general, the quantum tunneling current is served as a feedback signal in 
the piezoelectric feedback device to control the tip movement in z-direction; 
meanwhile, the voltage ramp is used to control the x–y scanner. STM is oper-
ated in the most commonly used mode, namely the constant current mode, 
in which the feedback electronics adjust the tip-surface distance to maintain 
a constant tunneling current/voltage by tuning the applied voltage of the 
z-piezo. Therefore, a map of the surface topography can be determined when 
the tip scans over the sample surface. Up to now, the atomic resolution of 
STM measurements have reached the order of ~1Å for lateral and ~0.1Å for 
vertical surfaces [128,130,204–206], mainly due to the significant dependence 
of the tunneling current on the surface-tip distance. On the other hand, for 
magnetic materials, the spin-polarized current can be resolved by means of 
a ferromagnetic/antiferromagnetic probe tip in spin-polarized STM. This 
spin-dependent spectroscopic mode was first proposed by Pierce in 1988 
and realized by Wiesendanger et al. in 1990 [195,196], who provide detailed 



23Theoretical Models and Experimental Techniques

information of the spin polarizations in the magnetic domain of the sample 
surface.

STM has been widely used to reveal the spatially atomic distributions of 
carbon-related systems from 1D to 3D, for example, graphites [64,65,183,184], 
graphenes [128–130,190,194,206], graphene ribbons [185–188] and carbon 
nanotubes. The nanoscale precision in measurements is helpful in under-
standing the unique geometric structures, and in illustrating the relative 
positions of hexagonal lattices under a specified stacking configuration. The 
nonchiral, armchair, zigzag, and chiral structures can also be identified for 
the cross-sections of carbon nanotubes and the finite-sized edges of ribbons. 
In addition, the geometric topographies of low-dimensional systems can also 
be characterized by other experimental techniques, such as transmission 
electron microscopy (TEM) [48], scanning transmission electron microscope 
(STEM) [197,198], atomic force microscopy (AFM) [199,200] and low-energy 
electron diffraction (LEED) [201,202].

STS, an extension of STM, is used to demonstrate the tunneling current 
through the tip-surface junction in the constant height mode [203]. Sweeping 
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FIGURE 2.2 
Schematic diagram of STM. The feedback electronics and the HV-amplifier control z-move-
ment via the tunneling current I, while the voltage ramp is used for xy-movement.
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over the bias voltage V in the absence of feedback, STS is able to characterize 
the electronic properties of the selected conducting surfaces, based on the 
measured I-V curves and differential conductance dI/dV. When the density 
of states (DOS) of the tip is assumed to be constant, the tunneling current I 
is decided by the total electron transitions from the sample to the tip, with 
energies from Fermi level to eV. In this way, the normalized differential con-
ductance, defined as (dI/dV)/(I/V), is interpreted as proportional to the DOS 
at energy eV with extra V-dependent integral constants. In general, the nor-
malized differential conductance is measured by using a lock-in amplifier 
in a small range of AC modulation of dV; this technique can greatly reduce 
the noise of the measured conductance. The current experiment resolution 
reaches up to 10 pA. The STS measurements directly examine the diverse 
electronic properties of graphite-related systems, such as the verification 
of the geometry-dependent Van Hove singularities (VHSs) in graphites 
[64,65], graphenes [83,84,87,128,129], graphene nanoribbons [164–167] and 
carbon nanotubes [142,207,208]. On the other hand, STS is also able to iden-
tify the magneto-electronic properties of graphite-related systems [81–84]. 
Specifically, in terms of simultaneous STM and STS measurements on the 
same sample, the relationship between the geometric and electronic proper-
ties gives the width-dependent energy gaps and standing wave functions of 
graphene nanoribbons [164–167], the chiral-dependent gaps of carbon nano-
tubes [142,207,208] and the stacking-dependent band structures of graphites 
[65] and graphenes [87,129].

2.3  Angle-Resolved Photoemission Spectroscopy

ARPES is a powerful tool to directly study the energy dispersions of the 
occupied electronic states in the Brillouin zone [50,51,71–75,78,79,232]. When 
the sample is illuminated by soft x-rays (Figure 2.3), the electrons stimulated 
by the incident photons may escape from the material due to the photoelec-
tric effect, and hence provide the image of the underlying electronic struc-
tures of materials.

The kinetic energy of photoelectrons is given by the conservation of energy 
principle. By an angle-resolved energy analyzer, the photoelectrons are col-
lected in a solid angle Ω which derives from a polar angle θ and an azimuthal 
angle φ. Evaluated from the free particle model, the parallel component of 
the momentum is conserved due to the translational symmetry, while the 
perpendicular component momentum is not conserved due to the breaking 
of translation symmetry along the normal direction. In general, the sample 
is synthesized in a portable chamber for conveniently measuring the in-situ 
electronic structure. ARPES is mainly focused on 2D or quasi-2D materials 
where the energy dispersions perpendicular to the surface are negligible. 



25Theoretical Models and Experimental Techniques

However, the non-conservation issue in the normal direction might be over-
come by means of mapping the important characteristics to the band struc-
ture at certain kz points, for example, the successful identification of the 3D 
band structures of graphite [71–75]. Specifically, the ARPES measurements 
can provide an insight into the electron–electron [71] and electron–phonon 
[209] interactions in many-body systems. Improvements of experimental 
resolutions in energy and momentum have become a critical factor for inves-
tigating low-dimensional materials.

2.4  Absorption Spectroscopy

Optical spectroscopy is useful to characterize the absorption 
[10,87,89,150,244,255], transmission [24,93,95,246,248] and reflectivity [9,22,94–
96] of a variety of low-dimensional solid-state materials. Absorption spec-
troscopy, based on the analytical technique of measuring the fraction of 
incident radiation absorbed by a sample, is one of the most versatile and 
widely used techniques in physics and chemistry. Operated over a range 
of frequencies, absorption spectroscopy is employed as an analytical tool to 
determine the intensity of the absorbed radiation which varies as a func-
tion of frequency for characterizing the optical and electronic properties 
of materials. The experimental setup relating to the light source, sample 
arrangement and detection technique varies significantly depending on the 
frequency range and the purpose of the experiment.

The most common setup of the apparatus is to emit a radiation beam onto 
the sample and to detect the transmitted intensity of the radiation that can 
be used to calculate the absorption, as shown in Figure 2.4. Optical experi-
ments are usually performed with a broadband light source, for which the 
intensity and frequency can be adjusted in a broad range. The most-utilized 
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FIGURE 2.3 
Schematic diagram of ARPES. Soft x-ray is used as the light source, and θ and φ are used to 
describe the polar and azimuthal angles of the detected photoelectrons, respectively.
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light sources can be classified into three kinds according to the operated 
frequency ranges: (1) the xenon-mercury arc lamp, under high-pressure in 
the far-infrared region [210,211]; (2) the black-body source of a heated SiC ele-
ment in the mid- to near-infrared spectral range [212–214]; and (3) the tung-
sten halogen lamp in a continuous spectrum from visible to near-infrared to 
near-ultraviolet [24,95,215,216], which is commonly adopted for the analytical 
characterization of the optical properties of materials over a broad spectrum 
because it can be operated at a high temperature (>3000 K) under the inert-
halogen mixture atmosphere.

Absorption spectra can be measured using a Fourier-transform spectrom-
eter [217,218], linear photodiode array spectrophotometer [219–223,255,256] 
or charge-coupled device spectrometer [224–226]. The Fourier-transform 
spectrometer is based on measuring the coherence of electromagnetic radia-
tions, in either time-domain or space-domain electromagnetic radiation, for 
example, the Bruker IFS125 spectrometer, which has resolved linewidths 
<0.001 cm [217,218]. On the other hand, the photodiode array spectropho-
tometer, consisting of hundreds of linear high-speed detectors integrated 
on a single chip, simultaneously measures the dispersive light over a wide 
frequency range. According to Fermi’s golden rule, the electronic properties 
can be deduced from the optical spectra, in which the absorption peaks have 
widths and shapes that are primarily determined by the transition prob-
ability and the DOS. For graphite-related materials, the frequencies not only 
depend on the dimensionality, atomic interactions and boundary conditions 
of the systems, but also on the external electric and magnetic fields.

Magneto-absorption spectroscopy can also be used to study the quan-
tization phenomena of low-dimensional systems, such as the quasi-LLs in 
graphene ribbons [172,173], AB-effect in carbon nanotubes [149], LLs in few-
layer graphenes and [20–24] LSs in bulk graphites [89–94,96]. The magnetic 
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FIGURE 2.4 
Schematic diagram of optical absorption spectroscopy. The spectrum is performed in a broad-
band range from visible to ultraviolet. The monochromator is used to select the desired fre-
quency range of the light source.
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field can be generated by a superconducting magnet; a 25-T cryogen-free 
superconducting magnet has been developed at the High Field Laboratory 
[227,228]. Furthermore, ultrahigh magnetic fields can be generated by using 
a semi-destructive single-turn coil technique that provides a pulsed field 
>100 T for pulse lengths of ten μs [229,255,256]. In addition, magneto-Raman 
spectroscopy also provides a convenient and powerful approach for tailor-
ing the magneto-electronic properties based on the Raman scattering prin-
ciple [139,262,263].
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3
Simple Hexagonal Graphite

AA-stacked graphite possesses the highest stacking symmetry among the 
layered graphites. The hexagonal symmetry, AA-stacking configuration and 
significant interlayer atomic interactions are responsible for the unusual 
essential properties. The non-titled Dirac-cone structure is formed along the 
kz-direction, in which its width is more than 1 eV. The 3D Dirac cone cov-
ers free electrons and holes with the same density, leading to semimetallic 
behavior with an obvious plateau structure in low-energy density of states 
(DOS). It is further quantized into 1D parabolic Landau subbands (LSs) with-
out any crossings or anti-crossings. Each well-behaved LS contributes two 
asymmetric square-root-form peaks in DOS. A lot of LSs, which can cross 
the Fermi level, belong to the valence or conduction LSs. Specifically, this 
creates intraband and interband inter-LS magneto-optical excitation chan-
nels. The quantized energies have a simple dependence on (B0, nc, v, kz), so that 
the magneto-absorption spectra present beating features. Such phenomena 
are never predicted or observed in other condensed-matter systems. On the 
other hand, the zero-field absorption spectrum is largely suppressed and 
almost featureless at a low frequency because of many forbidden vertical 
transitions. AA-stacked graphite and graphenes are quite different from 
each other in terms of electronic and optical properties. The experimental 
verifications of energy bands, DOSs and absorption spectra of simple hex-
agonal graphite can be utilized to determine the critical intralayer and inter-
layer atomic interactions.

3.1  Electronic Structures without External Fields

The 2D π-electronic structure of a monolayer graphene is reviewed first. 
Given the interlayer atomic interactions α1 = 0, α2 = 0 and α3 = 0 in Equation 
2.5, one can obtain the band structure of monolayer graphene, that is, 
E f k k bk bkc v

x y x y
, ( ) | | (( , ) [k = ± = ± + +α α0 0

21 4 3 2 3 2 4cos( / )cos( / ) cos 33 2 1 2bky / )] / . 
The band structure is simplified as the projection of energy dispersion of the 
simple hexagonal graphite on the kz = 0 plane (the red hexagon in Figure 3.1a).

Both conduction and valence bands are symmetric around the Fermi level 
(EF) along K→Γ→M→K. In the low-energy region, the energy dispersion is 
described by Ec,v = ±3α0bk/2, which characterizes an isotropic Dirac cone 
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centered at the K point (the Fermi level). There are special band structures 
at highly symmetric points in the first Brillouin zone (1st BZ), for example, 
the local maximum Ec = 3α0 and the local minimum Ev = −3α0 at the Γ point, 
and the saddle points Ec,v = ±α0 at the M point. Such critical points in the 
energy‑wave-vector space would induce Van Hove singularities in DOS. 
The bandwidth is evaluated as 6α0, which is determined by the difference 
between the two local extreme values at the Γ point. Monolayer graphene is 
a zero-gap semiconductor with a vanishing DOS at EF (Figure 3.2b), that is, 
free carriers are absent at zero temperature.
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FIGURE 3.1
Band structures for AA-stacked (a) graphite and monolayer graphene, (b) bilayer systems and 
(c) trilayer systems.
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Interlayer atomic interactions can dramatically change electronic struc-
tures. According to Equation 2.5, the energy dispersions of simple hex-
agonal graphite without a magnetic field are shown by the black curves in 
Figure 3.1a. There exists one pair of valence and conduction bands, in which 
the former is no longer symmetric to the latter around the Fermi level, EF. 
Energy bands are highly anisotropic and strongly dependent on kz. At a fixed 
kz, the (kx, ky)-dependent energy dispersions resemble those of a monolayer 
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graphene. Moreover, the critical points are very sensitive to the change of 
kz, for example, those at the corners (K and H; Figure 2.1e), middle points 
between two corners (M and L) and centers of the kx–ky plane (Г and A). The 
energy spacing of a monolayer-like band structure grows when kz moves 
from K to H. That is, the Dirac-cone structures can survive and remain sim-
ilar with the increase/decrease of kz. This will be directly reflected in the 
magnetic quantization. The middle points, which correspond to the saddle 
points with high DOS, are expected to present the strong absorption spectra. 
Overall, the π-electronic width is evaluated as the energy difference between 
the maximum energy at the Г point and the minimum energy at the A point: 
that is, [2(α1 + α2)+3(α0 + 2α3)] − [ − 2(α1 − α2)−3(α0 − 2α3)]=4α1 + 6α0.

In the low-energy approximation around the corners along the K–H direc-
tion, Equation 2.5, used to describe Dirac-type energy dispersions, can be 
expressed as

 	 E k k k E v kc v
x y z D F± ( ) = ±, , , 	 (3.1)

where ED = α1h + 2α2(h2/2 − 1), vF = 3b(α0 + α3h)/2 (the Fermi velocity) and 

| |k k kx y= +2 2 . The first term ED indicates the Dirac-point energy. The second 
term represents the conical energy dispersion, the slope of which particu-
larly shows a slight discrepancy on kz.

A closer examination is necessary to explore the dependence of the Dirac 
cone on kz. Given by ED in Equation 3.1, the localization of the Dirac point is 
described as a correspondence to the energy dispersion along the K–H line 
(indicated by the arrow in Figure 3.1). In the vicinity of the zone corners, the 
conduction and valence Dirac cones overlap with each other. At the K point, 
the state energy of the Dirac point, 2(α1 + α2), is higher than EF. This indi-
cates that the valence states between EF and the Dirac point are regarded as 
free holes in the low-lying valence bands. As the states gradually move away 
from K toward H, the carrier density of free holes decreases because the 
Dirac point gets lower. It is not until the Dirac point approaches the Fermi 
level that there are no free carriers. With a further increase of kz (ED < EF), the 
free carriers change into electrons, a process that is determined by the Fermi 
level in the conduction Dirac cone. The electron density reaches a maximum 
value at the H point. In short, this means that the interlayer atomic inter-
actions induce free-hole (free-electron) pockets in the low-energy valence 
(conduction) bands near the K (H) point. Two kinds of free carriers have the 
same density. Furthermore, the Dirac points of cone structures are located 
at the corners of the 1st BZ during the variation of kz (Figure 2.1e). These 
are expected to play an important role in determining the essential physi-
cal properties, for example, the optical properties, magneto-electronic and 
magneto-optical properties, electronic excitations and transport properties.

In the case of 2D multilayer AA-stacked graphene, there are N pairs of 
valence and conduction Dirac cones, mainly because it has the highest stacking 
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symmetry. For example, there are two and three pairs in bilayer and trilayer 
graphenes, respectively (Figure 3.1b and c), and the overlap of valence and 
conduction cones indicates semimetallic behavior. The Dirac‑cone structures, 
which are initiated from the K point, are almost symmetric around the Fermi 
level. The Dirac-point energies between −2α1 and 2α1 are described by [230].

 	 E j ND = +( ) 2 1 1cos π α/ 	 (3.2)

in the low-energy approximation (ignoring α2 and α3), where j = 1, 2, … N. 
When N is an odd number, the Dirac point of the middle cone structure 
touches the Fermi level. With an increase of layer number, the multi-cone 
structures gradually evolve into a 3D structure with a significant kz-depen-
dent bandwidth. However, it might have certain important differences 
compared to AA-stacked few-layer graphenes and graphite in terms of the 
essential properties as a result of the confinement effect along the z-direc-
tion, for example, the optical threshold frequency, DOS and the features of 
magneto-absorption peaks.

On the experimental side, angle-resolved photoemission spectroscopy 
(ARPES) can directly identify the wave-vector-dependent energy bands. 
Using high-resolution ARPES measurements, the unusual, dimension-cre-
ated electronic structures have been verified for carbon-related systems with 
hexagonal symmetry, including graphene nanoribbons, number- and stack-
ing-dependent graphenes and AB-stacked graphite. The confirmed charac-
teristics cover the confinement-induced energy gap and 1D parabolic bands 
in finite-width nanoribbons [163,232]; the Dirac-cone structure in monolayer 
graphene [78,233,234]; two/three pairs of linear bands in bilayer/trilayer AA 
stacking [50,51]; two pairs of parabolic bands in bilayer AB stacking; par-
tially flat [78,79], sombrero-shaped and linear bands in trilayer ABC stack-
ing [80]; and the bilayer- and monolayer-like energy dispersions in Bernal 
graphite at the K and H points, respectively [71–75]. The 3D band structure of 
AA-stacked graphite is worthy of detailed ARPES examinations, especially 
for Dirac-cone structures and the saddle points along the K–H and M–L lines, 
respectively. Such measurements can determine the intralayer and interlayer 
hopping integrals and their significant effects.

The primary characteristics of electronic structures directly reflect on 
the DOS. The low-energy special structures in DOS are dominated by the 
stacking configuration or the interlayer atomic interactions. In the range of 
|E|≤ 0.3 eV and B0 = 0, simple hexagonal graphite presents a plateau struc-
ture centered around E = 0 (the Fermi level), as shown in Figure 3.2a. This 
originates from the superposition of all kz-dependent Dirac-cone structures 
with various circular cross-sections in the (kx, ky) plane. A finite DOS at E = 0 
clearly illustrates the semimetallic behavior. The DOS grows quickly with 
the increase of E. There exist two very cusp structures at the middle ener-
gies of [ − 2(α1 − α2)+(α0 − 2α3)] ≤ E ≤ [2(α1 + α2)+(α0 + 2α3)] and [ − 2(α1 − α2)−
(α0 − 2α3)] ≤ E ≤ [2(α1 + α2)−(α0 + 2α3)] (Equation 2.6), mainly owing to the 



34 Electronic and Optical Properties of Graphite-Related Systems

saddle points along the M–L line (Figure 2.1e) [231]. On the other hand, 
monolayer graphene exhibits a V-shape DOS near E = 0, as shown in Figure 
3.2b. The DOS vanishes at the Fermi level, leading to the semiconducting 
behavior. For N-even systems, the low-energy DOS corresponds to a plateau 
structure, for example, that of bilayer graphene (Figure 3.2c). However, it is a 
superposition of the plateau and V-shape structures for N-odd systems, such 
as the DOS of trilayer graphene (Figure 3.2d). Apparently, the AA-stacked 
graphenes of N ≥ 2 belong to semimetals. At middle energy, the symmetric 
peaks of the logarithmic form mainly come from the saddle point (the M 
point in Figure 3.1a through c), in which their number is proportional to that 
of the layer (Figure 3.2b through d).

3.2  Optical Properties without External Fields

The main features of absorption spectra are determined by the velocity 
matrix element, carrier distribution and DOS. At low frequency, the velocity 
matrix element is just the Fermi velocity in AA-stacking systems, mainly 
owing to the similar Dirac cone with isotropic linear dispersions [231,241]. 
That is, AA-stacked graphite and multilayer graphenes have an identical 
excitation strength for each available channel. The former, as indicated in 
Figure 3.3a, presents a largely reduced low-frequency absorption spectrum 
and a shoulder structure at ω ∼ 4α1 ∼ 0.56α0. For any given kz, the vertical 
transitions are forbidden when half of the excitation frequency is smaller 
than the energy difference (Eth) between the Fermi-momentum state (kF) and 
the Dirac point. Eth is about 2α1 for various kz’s, so the absorption spectrum 
is very weak at ω  < 2α1. With the increase of frequency, it exhibits a shoul-
der structure and grows quickly as the deeper or higher electronic states 
make more contributions. On the other hand, the absorption spectrum of 
monolayer graphene is linearly proportional to the excitation frequency 
(Figure 3.3b), directly reflecting the linear energy dependence of the DOS 
(Figure 3.2b). As for the middle-frequency absorption spectrum, graphite 
and graphene, respectively, exhibit a very prominent plateau and symmetric 
peak at 2α0 − 4α0 ≤ ω ≤ 2α0 + 4α0 and ω = 2α0. The former originates from the 
saddle points along the M–L line (Equation 2.6), with a rather high DOS. 
Such structures are the so-called π-electronic absorption peaks, frequently 
observed in carbon-related systems with sp2 bondings (discussed later).

AA-stacked layered graphenes present unusual low-frequency absorption 
spectra with the variation of layer number, as clearly indicated in Figure 3.3b 
through d. The critical factor is the well-behaved N pairs of Dirac cones that 
are almost symmetric around the Fermi level [241]. The wave functions of 
these cone structures are the symmetric or anti-symmetric linear super-
position of the layer-dependent tight-binding functions (e.g., Equation 2.7), 
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leading the available excitation channels to only arise from the same 
Dirac cone. That is, the inter-Dirac-cone vertical transitions are absent. The 
N-odd systems have a zero-threshold frequency, as the Dirac point of the 
middle cone structure touches with the Fermi level, for example, the trilayer 
system (Figure 3.3d). However, the optical gaps, which are characterized by 
the energy spacing of the highest occupied and the lowest unoccupied Dirac 
points (Equation 3.2), are finite in the N-even systems. They decline with 
the increasing layer number, and the highest threshold frequency is 2α1 for 
bilayer AA stacking (Figure 3.3c) [59]. As to the other intra-Dirac-cone excita-
tions, their threshold spectra exhibit shoulder structures with an absorption 

0

0.03
0

0.03
0

0.03
00

0.03

Monolayer

Bilayer

Trilayer

0 0.5 1 1.5 2

AA-stacked graphite
D

O
S 

(s
ta

te
s/

α 0
 at

om
s)

D
O

S 
(s

ta
te

s/
α 0

 at
om

s)
D

O
S 

(s
ta

te
s/

α 0
 at

om
s)

D
O

S 
(s

ta
te

s/
α 0

 at
om

s)

Ec,v (α0)

FIGURE 3.3 
Optical absorption spectra of AA-stacked (a) graphite, and (b) monolayer, (c) bilayer and (d) 
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frequency determined by the Fermi-momentum state (or about double that 
of the energy difference between the Dirac point and the Fermi level). In 
addition, absorption spectra might reveal two sub-shoulders because of the 
slightly asymmetric Dirac-cone structures due to the interlayer atomic inter-
actions, for example, those of N = 4 and 5 [241]. Specifically, the change of 
layer number results in the crossing behavior. AA-stacked graphenes and 
graphite possess almost identical low-frequency optical properties when N 
grows to 30 (detailed discussions in [241]). The dimension-induced impor-
tant differences can be observed under the obvious confinement effect.

The aforementioned features of vertical excitation spectra can be veri-
fied by optical spectroscopies, such as the absorption [9,10], transmission 
[9,20,21,23,24], reflection [9,22,94–96], Raman scattering [139,262,263] and 
Rayleigh scattering spectroscopies [278]. Experimental measurements have 
confirmed the rich and diverse optical properties of carbon-related systems, 
such as Bernal graphite [89–92], graphite intercalation compounds [248,249], 
layered graphenes [20–24], graphene nanoribbons [160,242], carbon nano-
tubes [149,150] and carbon fullerenes [243,244]. Such systems possess the 
~ 5–6 eV π peak arising from the 2pz-orbital bondings; that is, all the sp2-
bonding systems can create this prominent peak. The AB- and ABC-stacked 
graphenes differ from each other in terms of absorption frequencies, spectral 
structures and electric-field-induced excitation spectra [86,87,131,255,272]. 
Moreover, carbon nanotubes exhibit a strong dependence of asymmetric 
absorption peaks on radius and chirality [149]. The important features in 
AA-stacked graphenes and graphite are worthy of systematic experimental 
investigations, especially for the dependence of optical gap, shoulder struc-
ture, π peak and spectral intensity on the layer number.

3.3  Magnetic Quantization

3.3.1  Landau Levels and Wave Functions

In the presence of = B zB ˆ0 , electrons are flocked on the x–y plane to form 
transverse cyclotron motions, while the motion along the field direction 
remains intact. The 3D electronic states in simple hexagonal graphite are 
evolved into one group of so-called LSs, which are dispersed along the k̂z 
direction, but highly degenerate on the kx−ky plane. This implies that the kz-
dependent LSs are directly quantized from the corresponding kz-dependent 
Dirac cones along K–H in the absence of a magnetic field. The study of the 
magnetic quantization of a Dirac cone in monolayer graphene is the first step 
to realizing the magneto-electronic properties of graphites.

The electronic states of a Dirac cone are magnetically quantized into one 
group of valence and conduction Landau levels (LLs). Each LL, dispersionless 
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along kx and ky, is fourfold degenerate without the consideration of spin 
degeneracy. The occupied valence and unoccupied conduction LLs are sym-
metric around EF, as shown in Figure 3.4a.

The quantum numbers, characterized by the zero-point values ones of the 
subenvelope functions, are indicated by nc and nv for the conduction and 
valence LLs, respectively. Considering the sequence of LLs, one finds that the 
nc,v = 0 LLs are located at EF, and the nc, v = 1, 2, 3, ... LLs are counted away from the 
Fermi level (Figure 3.3a). At (kx = 0, ky = 0), the corresponding wave functions of 
the fourfold degenerate states are localized around four different centers: 1/6, 
2/6, 4/6 and 5/6 positions of the enlarged unit cell. The main features of LLs can 
be realized by discussing one of the fourfold degenerate states, for example, 
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the 1/6-localized Landau states (Figure 3.4b). The quantum number is deter-
mined by the normal mode in the Bo sublattice. For the cases of nc, v ≥ 1 LL, the 
subenvelope functions of Ao and Bo sublattices are presented in the (nc, v − 1)-th 
and (nc, v)-th order Hermite polynomials, respectively. They have the follow-
ing relationship between conduction and valence states: A A B Bo

c
o
v

o
c

o
v= = − &  

for the same atoms, and A n B n n B n A n no
v v

o
c c v v v

o
c c v( ) ( ) ( ) ( )∝ = − ∝ = +1 10 &  for 

the different atoms. It can be deduced with regard to the inter-LL optical tran-
sitions that the simple linear relationships account for the specific selection 
rule Δn = nc − nv = ±1, according to the spectral function in Equation 2.37.

For simple hexagonal graphite, the formation of the LSs corresponds to 
the magnetic quantization of the Dirac cones that are distributed along the 
K–H line as described by Equation 3.1. The LS energy dispersions strongly 
depend on kz, and the relationship between Landau states and wave func-
tions at a fixed kz resembles that of a monolayer graphene. These purely arise 
from the highly symmetric AA stacking with the same (x,y)-plane projec-
tion. At the K point, the conduction and valence LLs are symmetric around 
E n k E kc v c v

z D z
, ,( ) ( ), .= = = =0 0 0 0 283 0� α , as indicated in Figure 3.5a. The 

similar LL spectrum is revealed at the H point, while it is centered around 
E k ID z z( )/ .= −π α� 0 279 0  (Figure 3.5b).

With the same quantum number, AA-stacked graphite and monolayer gra-
phene have the same relationship of two subenvelope functions with respect 
to the amplitude, spatial symmetry, phase and zero points, as shown in 
Figures 3.4b and 3.5c. Moreover, the linear relationship between two suben-
velope functions remains the same, clearly illustrating that the specific opti-
cal selection rule of Δn = ±1 is also applicable to the inter-LS transitions in 
simple hexagonal graphite. In short, 3D simple hexagonal graphite consist-
ing of the same projection graphene layers exhibits the essential 2D quantum 
phenomena, mainly owing to the Dirac-type energy dispersions.

3.3.2  Landau-Subband Energy Spectra

The LS spectrum in the 1st BZ (0 ≤ kz ≤ π/Iz) is essential for understanding the 
magneto-electronic properties of bulk graphites. In the K–H direction, the LSs 
at a fixed B0 exhibit a parabolic dispersion with two band-edge states at the 
two edges of the 1st BZ, that is, K (kz = 0) and H (kz = π/Iz), as shown for B0 = 40 T 
in Figure 3.6a. There are no crossings and anti-crossings of LSs, which directly 
reflects the monotonous dependence of energy bands on wave vectors (the 
black curve in Figure 3.1a). In particular, the kz-dependent dispersion of the 
nc, v = 0 LS is consistent with that of the Dirac points along the K–H direction 
in the absence of external fields, that is, Ec, v(nc, v = 0, kz) = ED(kz). A slice of the 
LS spectrum with respect to a specific kz can be regarded as a combination of 
massless Dirac LLs with the zeroth LL given by ED(kz). Furthermore, accord-
ing to Equation 3.1, the energy width of an LS corresponds to the energy dif-
ference between the Dirac points at the zone edges, K and H: that is, ED(kz = 0)
−ED(kz = π / Iz) = (2α1 + 2α2) − (2α1cos(π) + 2α2cos(2π)) = 4α1 ≃ 1.444 eV. It should be 
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noted that simple hexagonal graphite retains its semimetallic characteristics 
in the presence of a magnetic field, implying that free carrier pockets near the 
K–H edge might cause optical transitions between two valence or conduction 
LSs (intraband excitations).

On the other hand, with the variation of B0, the field-dependent 
energy spectrum displays a form similar to that of monolayer graphene, 
E n k E k n Bc v c v

z D z
c v, , ,( ) ( ), − ∝ 0 , while the proportional constant determined by 
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the Fermi velocity is weakly dependent on kz, as shown in Figure 3.6b. In the 
low‑energy approximation, the analytic solution of LS energies is derived by 
introducing the quantization condition to the Dirac cone of graphites as in 
Equation 3.1, so that

 	 ( ) ( )≈ ±E n k E k v eB n, 2 / .c v c v
z D z F

c v, ,
0

,� � 	 (3.3)

Using these detailed calculations, the four atomic interactions, α0, α1, α2 
and α3, can be expressed in terms of the low-lying LS energies at the K and 
H points as follows:
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l c eBB = � / 0  is the magneto‑length related to the effective localization range 
of LS. Equation 3.4 means that the atomic interactions can be determined by 
scanning tunneling spectroscopy (STS) and magneto-optical measurements 
on the LS energies. Based on the band structure, 3D graphite is expected to 
display massless Dirac-like magneto-optical properties. However, as a result 
of the strongly dispersed LSs across the Fermi level, the greatly enhanced 
free carrier pockets near the edges of the first BZ are responsible for the spec-
tral features that are considerably different from the essential quantum phe-
nomena in 2D graphenes.

The magnetically quantized DOS has a lot of special structures, depending 
on whether it has 1D LSs or 0D LLs. Simple hexagonal graphite exhibits many 
peaks in the square-root form arising from the quantized LSs with 1D para-
bolic dispersions, as shown in Figure 3.7a. Each LS contributes two asymmetric 
peaks corresponding to the band-edge states at the K and H points. For exam-
ple, at B0 = 40 T, the nc,v = 0 (nc = 1) LS has two peaks at E = 0.272α0 and −0.272α0 
(E = 0.35α0 and −0.195α0), as indicated by the red (blue) arrows. On the other 
hand, few-layer graphenes present a plentitude of delta-function-like symmet-
ric peaks due to the dispersionless LLs, for example, the monolayer, bilayer and 
trilayer systems in Figure 3.7b through d. The initial peak of the zeroth mode 
(the red arrows) corresponds to the Dirac point (Figure 3.1b through d).

STS is an efficient method of examining the energy spectra of condensed-
matter systems. The tunneling differential conductance (dI/dV) is approxi-
mately proportional to DOS and directly presents the main features in 
DOS. The STS measurements have been successfully utilized to identify the 
diverse electronic properties of graphene-related systems with sp2 bondings, 
such as few-layer graphenes [69,128–130,235–238], Bernal graphite [64,65], 
graphene nanoribbons [239,240] and carbon nanotubes [207,208]. Specifically, 
two low-lying DOS characteristics, a linear E-dependence vanishing at the 
Dirac point and a B0 -form LL energy spacing, are confirmed for monolayer 
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graphene [83,84,235,236]. A sufficiently wide plateau and a lot of square-root 
LS peaks in AA-stacked graphite require further experimental verifications. 
The STS measurements on them are useful in the identification of intralayer 
and interlayer atomic interactions.

3.4  Magneto-Optical Properties

AA-stacked graphite exhibits unique magneto-optical properties as the 1D 
LSs have sufficiently wide bandwidths and specific energy dispersions. The 
intraband and interband inter-LS vertical excitations appear in the low-fre-
quency absorption spectra, as clearly indicated in Figure 3.8a through c [57]. 
The former originate from the valence and conduction LSs across the Fermi 
level. Only the occupied nv (nc) LS to the unoccupied nv − 1 (nc + 1) LS is the 
effective excitation channel; that is, the optical excitations between the well-
behaved Landau wave functions need to satisfy the selection rule of Δ n = ±1. 
The intraband absorption peaks are denoted as ωnn

vv
−1  and ωnn

cc
+1  (Figure 3.8a). 

They are closely related to the kz-dependent Fermi-momentum state of each 
LS (kF

nc v,

 in Figure 3.9a and c). For example, the ω1615
vv  peak comes from all the 

vertical excitations in the range of ≤ ≤k k kF z F
16 15v v

 (Figure 3.9a). ωn n
vv
+1  is close 

to ωnn
cc
+1 , so their absorption peaks are merged together, for example, those 

for nv ≤ 15 and nc ≤ 14 at B0 = 40 T (Figure 3.8a). Such two-channel peaks are 
observable for nc, v ≤ 6. As a result of the smaller frequency differences, the 
other peaks become broad and prominent structures, that is, they behave 
as multichannel threshold peaks. This composite structure is absent in the 
layered graphenes and other graphites.

The interband absorption peaks come to exist in the frequency range 
of ω > 0.039α0, as clearly shown in Figure 3.8b. They originate from the 
(n + 1)v → nc and nv → (n + 1)c vertical excitations, respectively, corresponding 
to the allowed ranges in k k kF

n
z F

nv c( )+ ≤ ≤1  and k k kF
n

z F
nv c

≤ ≤ +( )1 . k kF
n

F
nc v

− +( )1  is 
almost identical to k kF

n
F
nc v( )+ −1 , and corresponding excitation frequencies 

behave similarly (Figure 3.9b). Two kinds of interband channels can create 
nearly the same absorption spectrum. The effective kz-ranges are sufficiently 
wide except for very small quantum numbers, so that the distinct curvature 
variations of the (n + 1)v and nc LSs result in two specific absorption frequen-
cies due to the Fermi-momentum states kF

n v( )+1  and kF
nc

. Furthermore, such 
ranges cover the kz = π/2Iz state with the lowest DOS. These are responsible 
for the existence of many double-peak structures in the cusp form. Such 
double peaks have non-uniform intensity, and their widths grow with the 
increasing frequency because of the enlarged range between two associated 
Fermi-momentum states.

The interband magneto-absorption spectra present unique beating phe-
nomena, as clearly indicated in Figure 3.10a and b. 
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The beating oscillations, which include several groups of diversified 
absorption peaks, are very sensitive to changes in field strength. With the 
increase of absorption frequency, the widened double-peak structures might 
overlap with one another. The first group at a lower frequency is composed 
of isolated double peaks. The second group arises from a combination of two 
neighboring double peaks, and their composite peak intensity is twice that of 
the original peaks. With regard to the third group, three neighboring peaks 
are merged to form a single structure and the intensity of this structure 
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is enhanced to almost three times that of the original one. As a result, the 
spectral intensity is proportional to the number of combined double-peak 
structures. The unusual association of absorption peaks directly reflects the 
specific kz-dependence of each LS parabolic dispersion (Equation 3.3; details 
in [58]). It should be noted that this is the first time that the beating phenom-
enon has been predicted in optical properties.

The magneto-absorption peaks of few-layer graphenes and graphite, with 
the exception of the optical selection rule ∆n = ±1, reveal very distinct fea-
tures. For the former, the dispersionless LLs create delta-function-like sym-
metric structures with a uniform intensity, as shown in Figure 3.11a.
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The multichannel threshold peak is absent. Only one two-channel peak, 
belonging to the intraband absorption channel, is present in bilayer and 
trilayer AA stackings (red and blue curves in Figure 3.11a), and it does not 
have a complete dispersion relation with the B0-field strength because of the 
variation of the highest occupied LL (Figure 3.13b and d) [56]. All AA-stacked 
systems exhibit plenty of interband absorption peaks, but the main dif-
ferences lie in the peak structures. The monolayer system shows isolated 
symmetric peaks, while bilayer AA stacking displays pair-peak structures. 
Furthermore, the N-odd systems correspond to the superposition of the 
monolayer- and bilayer-like absorption peaks. Some initial nv → nc excitations 
are forbidden in N = 2 and 3 systems, reflecting the Fermi-Dirac distribution 
of multi-Dirac cones. In addition, the well-behaved beating oscillations are 
not presented in layered graphenes.
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The B0-dependent absorption frequencies provide important information 
for the experimental verifications and in understanding the effects of dimen-
sions and stacking configurations. All peak frequencies of AA-stacked graph-
ite, as shown in Figure 3.12a and b, grow with an increase in field strength.

These frequencies present the complete dispersion relations with B0, in 
which the field-strength dependence is roughly proportional to  except for 
the multichannel peak (solid circles in Figure 3.12a). The observable intraband 
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excitations cover the multichannel peak and five two-channel peaks. The 
multichannel threshold frequency does not exhibit a B 0 -dependence, 
as the initial intraband excitation channels dramatically change with field 
strength. With regard to the interband excitations, there exist two splitting 
absorption frequencies at sufficiently high magnetic fields. The critical field 
strength is reduced in the higher-frequency absorption peaks. It is relatively 
easy to observe the double-peak structures for large ω and B0. On the other 
side, the layered graphenes exhibit unique intraband and interband absorp-
tion frequencies, as clearly indicated in Figure 3.13a through e. Monolayer 
graphene has regular B 0 -dependence at a low magneto-absorption 
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frequency (ω < 1 eV in Figure 3.13a). As to bilayer and trilayer AA stackings, 
they show discontinuous B0-dependences in the two-channel intraband 
peaks (Figure 3.13b and d).

This mainly stems from the fact that the highest occupied LL becomes the 
smaller nc, v LL with the increase of B0. Furthermore, their pair-peak inter-
band excitations cannot survive when both nv and (n + 1)c are occupied or 
unoccupied, that is, more interband absorption peaks are absent at low field 
strength (Figure 3.13c and e). The critical differences between three kinds of 
graphites will be discussed in Chapter 6.

As for magneto-optical measurements, the infrared transmission spec-
tra have identified the B 0 -dependent absorption frequencies of the inter-
band LL transitions in monolayer and multilayer graphene [21,23,24,92]. 
Furthermore, magneto-Raman spectroscopy is utilized to observe the 
low‑frequency LL excitation spectra for AB-stacked graphenes up to five 
layers [262]. The unique magneto-excitation spectra of simple hexagonal 
graphite deserve thorough experimental examinations of properties such 
as the multichannel threshold peak, intraband two-channel peaks, inter-
band double-peak structures and the magneto-optical beating phenomenon. 
Similar measurements could be made for AA-stacked graphenes to verify the 
dimension-induced differences in the channel, structure, number, frequency 
and intensity of magneto-absorption peaks. Such comparisons are useful 
in illustrating the diversified magnetic quantization of multiple Dirac-cone 
structures in AA-stacking systems.
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4
Bernal Graphite

Bernal graphite, with band profiles of monolayer and bilayer graphenes, is 
a critical bulk material for a detailed inspection of massless and massive 
Dirac fermions. Theoretical and experimental research shows that the essen-
tial properties of graphite can be described by the quasiparticles at the high 
symmetry points of the Brillouin zone (first BZ): massless Dirac fermions at 
the H point and massive Dirac fermions at the K point. In particular, with 
the dimensional crossover from 3D to 2D, the many exciting properties of 
few-layer graphenes originate from the interlayer couplings in bulk graph-
ite. The optical excitation channels are only allowed between the respective 
monolayer-like subbands or bilayer-like subbands, regardless of external 
fields. The anti-crossings of Landau levels (LLs)/Landau subbands (LSs) and 
the electron-hole induced twin-peak structures are revealed in both 2D gra-
phene and 3D graphite; however, they are more obvious in graphene with 
the increase of the layer number. The measured profiles of the B0-dependent 
peaks, for example, threshold channels and peak intensity, spacing and fre-
quency, can be used to distinguish the stacking layer, configuration and 
dimensionality.

4.1  Electronic Structures without External Fields

The band structures of Bernal graphite in the absence of external fields are 
shown in Figure 4.1a and b. With a slight overlap of conduction and valence 
subbands, Bernal graphite is classified as a semimetal due to the low-density 
free carriers. The in-plane energy dispersions considerably depend on the 
value of the momentum kz, and contain the characteristics of 2D monolayer 
and AB-stacked bilayer graphenes at certain special kzs. In Equation  2.11, 
h = 2cos(kzIz) indicates the factor of the effective interlayer interactions 
in Bernal graphite. In the HLA plane (kz = π/2Iz and h = 2cos(π/2) = 0), the 
Hamiltonian matrix can be reduced to a 2 × 2 matrix of monolayer graphene, 
because the elements coupling by the nearest-layer interactions are equal to 
zero and the on-site energy γ6 can be negligible. It is shown that the occu-
pied valence bands Ev are symmetric to the unoccupied conduction bands Ec 
around EF (Figure 4.1b). The low-energy band structure displays a massless 
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Dirac-like linear dispersion with the Dirac point located near the H point, 
while the energy states are double degenerate.

The energy dispersions in the MΓK plane show another graphene prop-
erty. Substituting the condition kz = 0 and h = 2cos(0) = 2 into the Hamiltonian 
matrix in Equation 2.11, we find a 4 × 4 bilayer-like Hamiltonian matrix, 
while the effective interlayer interactions are twice as large as those of 
bilayer graphene. The in-plane energy subbands are asymmetric around the 
Fermi level due to the influence of interlayer atomic interactions, γ2, … γ6. In 
the vicinity of the K point, the low-energy dispersions are characterized by 
massive Dirac quasiparticles. The wave vectors of the band-edge states are 
consistent with those of AB-stacked bilayer graphene, that is, the M and K 
points. However, the effective interlayer atomic interaction 2γ1 gives rise to 
double the band-edge state energies ~2γ1 at the K point in Bernal graphite as 
compared to bilayer graphene.

Along KH, the strongly anisotropic energy dispersions on kz are mainly 
caused by the interlayer interactions. The cosine and flat dispersions along 
KH (Figure 4.1a) are responsible for the two types of atom chains; one is a 
straight chain of sublattices coupled by γ1 along ẑ , and the other is a zigzag 
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chain of sublattices coupled by γ4 in the yz-plane. In the minimum model, 
the former and the latter are, respectively, described by Ec,v ≃ γ1h = cos(kzIz) 
and Ec,v ≃ 0. When the state grows from K(kz = 0) to H(kz = π/2Iz), the two 
dispersions gradually get closer and become degenerate at the H point. Also, 
the in-plane dispersions are bilayer-like, but their behavior transforms into 
monolayer-like at the H point. That is to say, Bernal graphite exhibits both the 
massless and massive Dirac fermions in the vicinity of the H and K points, 
respectively. Angle-resolved photoemission spectroscopy (ARPES) has been 
used to measure the 3D energy dispersions around the first BZ from the 
hole pocket at the H point to the electron pocket at the K point [71–75]. Both 
the massless and massive Dirac fermions are verified in terms of linear and 
parabolic dispersions, respectively. Furthermore, the measured small-hole 
pocket at the H point is in agreement with the theoretical model and the 
quantum oscillation measurements [245]. Remarkably, the Dirac quasipar-
ticles are responsible for special structures in the density of states (DOS) and 
dominate the optical excitations.

On the other hand, N-layer AB-stacked graphenes could exhibit massless 
and massive Dirac fermions; the band structure resembles a bilayer case or 
a hybridization of monolayer and bilayer cases, depending on whether the 
layer number is odd or even. The trilayer graphene displays a hybridization 
of band structure by monolayer and bilayer graphenes, while the even-layer 
graphene consists of only pairs of bilayer-like parabolic subbands, as shown 
in Figure 4.2. Near the K point, the intersection of low-energy subbands 
indicates that AB-stacked graphenes are gapless 2D semimetals (insets of 
Figure 4.2a and b). With an increment of the graphene layer, the band struc-
ture in cases of even (odd) N consists of N (N − 1) pairs of bilayer-like para-
bolic bands, while it has a particular pair of monolayer-like linear bands near 
the Fermi level if N is odd.

The main characteristics of electronic structures, dominated by the stack-
ing configuration or the interlayer atomic interactions, are directly reflected 
in the DOS. In Bernal graphite, the DOS mainly originates from the bilayer-
like and monolayer-like in-plane dispersions, respectively, corresponding 
to the K- and H-point band-edge along the kz dispersions (Figure 4.3). The 
DOS VHSs (van Hove singularities) marked by black, red and blue colors 
correspond to the band-edge and saddle-point states in Figures 4.1 and 4.2. 
A finite DOS at E = 0 clearly indicates the semimetallic properties of Bernal 
graphite. Furthermore, the low-energy intensity smoothly grows with the 
frequencies, which can be regarded as a superposition of the linear and para-
bolic dispersions. The former and the latter are, respectively, verified in DOS 
by the roughly linear and quadratic B0-dependent tunneling energies [238]. 
However, a shoulder spreads out near ±2γ1, which is attributed to the band-
edge states of bilayer-like parabolic subbands. Such a structure is reflected 
by a VHS at ~±γ1 in bilayer and trilayer graphenes [69]. With the increasing 
energies, the DOS exhibits two prominent asymmetric peaks at the middle 
energies of Ec,v ≃ ±γ0. This is a superposition of all saddle points distributed 
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along M → L during the band structure transformation from bilayer-like to 
monolayer-like. In contrast, the trilayer graphene displays three prominent 
peaks: one comes from the band-edge state of the monolayer-like subband 
and two from those of bilayer-like subbands. Some of the main features in 
DOS are verified by scanning tunneling spectroscopy (STS) [69,238] and the 
measured VHSs could lead to special structures in absorption spectra.

4.2  Optical Properties without External Fields

The absorption is determined by the relationship between the electronic 
structures (or DOS) and the optical excitation transitions. In Bernal graph-
ite, it demonstrates that A(ω) is identical for all polarization directions, Ê, 
on the graphene plane, indicating the isotropy of the frequency distribution 
of the absorption intensity over all frequencies. The optical responses due 
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to massless and massive Dirac fermions are, respectively, reflected by the 
optical excitation channels in the vicinity of the H and K points, as shown in 
Figure 4.4a.

At low energies, one weak shoulder is revealed at E ≃ 2γ1 as a result of the 
excitations between the two low-energy parabolic bands. Moreover, at mid-
dle energies, a single sharp peak is accompanied by two shoulders on both 
its sides. They are responsible for the multi saddle-point channels of all the 
bilayer-like and monolayer-like band structures as kz moves from M to L.

Some of the features of the optical spectrum are consistent with the experi-
mental results. Obraztsov et al. [247] study the optical spectra of a polarized 
beam in cases of different polarizations on the graphene plane and the stack-
ing direction, which are, respectively, indicated as p-polarized and s-polar-
ized. All the cases show a similar behavior between the spectral intensity and 
polarization of the laser beam, while the photoresponse for the p-polarized 
excitation beam is relatively strong compared to the s-polarized photores-
ponse because of the relatively strong energy dispersions on the in-plane 
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direction. The results might reflect the relatively strong energy dispersions 
for the in-plane direction compared to the out-plane direction.

The optical response of the Dirac quasiparticles is also a dominant contrib-
utor for 2D AB-stacked graphenes. It leads to two kinds of special structures: 
discontinuities at low frequencies and logarithmic divergences at middle 
frequencies. The former and the latter, respectively, come from the vertical 
transitions around the K point and those around the M point, as shown by 
Figure 4.4b. For the bilayer case, the absorption spectrum exhibits a single 
shoulder at ω ≃ γ1 and four peaks at ω ≃ 2γ1. Infrared spectroscopy has shown 
a clear picture of the low-energy excitations around the K point [259,260]. 
Furthermore, the spectral intensity grows with the higher frequency, until 
the middle-frequency spectrum when four logarithmic saddle-point peaks 
spread around ω ≃ 2γ0. On the other hand, the excitation channels of the 
trilayer graphene are only allowed between the respective monolayer-like 
subbands or bilayer-like subbands. Infrared spectroscopy has verified the 
absorption spectrum, which is a combination of a monolayer and a bilayer 
graphene. The aforementioned results indicate that optical spectroscopies 
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can be used to verify the AB-stacking domains on the surface or the bulk 
domains of graphite [250].

4.3  Magnetic Quantization

4.3.1  Landau Subbands and Wave Functions

The kz-dispersed LSs are depicted from the zone boundary point K to H 
for B0 = 40 T (Figure 4.5a). According to the zero-field band structure, the 
monolayer-like and bilayer-like signatures are deduced to coexist in Bernal 
bulk graphite. A series of subenvelope functions distributed among the four 
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constituent sublattices are illustrated in Figure 4.5b and c for the Landau 
states at K and H points. The LSs can be classified into two groups (blue and 
red) according to the characteristics of the energy dispersions and the suben-
velope functions. In the vicinity of the K point, the two groups are attributed 
to the magnetic quantization of the respective parabolic subband (blue and 
red in Figure 4.1). In the 1st BZ, the onset LS energies are consistent with the 
cosine Ec,v = 2γ1cos(kzIz) and flat Ec,v ∼ 0 dispersions along KH. As kz changes 
from K to H, the two groups merge to form a series of double‑degenerate 
monolayer-like Landau states reflecting the zero-interlayer atomic interac-
tions. However, the splitting of the lowest nc,v = 0 LSs directly reflects the non-
equivalent on-site energies of A and B sublattices. In general, away from the H 
point, the lift of degeneracy can be mainly attributed to the interlayer atomic 
interactions γ1, γ3 and γ4 [100]. The energy spacings of LSs are determined by 
the curvatures of the parabolic subbands. Near the K point, the electron-hole 
asymmetry of LSs is presented under the influence of the interlayer atomic 
interactions, while it becomes symmetric for monolayer-like LSs at the H 
point. Moreover, the K and H points correspond to band edges of LSs, where 
the Dirac quasiparticles are the dominant contributors to the magneto-optical 
properties. The effective‑mass model (only considering γ0 and γ1) can obtain 
qualitatively consistent calculations for the first few LSs. However, it misses 
the feature of electron-hole asymmetry, which may be barely observable in 
STS but has been validated as significant in magneto-reflectance/absorption 
[89,252,255] and magneto-Raman measurements [253,254].

At the K point, the first group of LSs appears at Ec,v ≃ 0, and the second 
group begins at Ec,v ≃ 2γ1, where the subenvelope functions are associated 
in a similar way to the case of bilayer graphene. Accordingly, the number 
of zero points of B1 and A1 are employed to define the quantum numbers 
of the first- and second-group LSs, n1 and n2, respectively. That is, the rela-
tionship of the two groups is A1:A2:B1:B2 = n − 1:n − 2:n:n − 1 for n1 = n > 2 and 
n:n − 1:n + 1:n for n2 = n > 1. As kz moves to H, with the increasing energy, the 
first group ascends while the second group descends according to cosine dis-
persion 2γ1 cos(kzIz). Furthermore, the H-point subenvelope functions behave 
in a monolayer-like way, as depicted by the wave functions in Figure 4.5c.

The profile of monolayer-like (bilayer-like) LSs in the H (K) point can 
be clearly seen from their energy evolution with the variation of the field 
strength, as shown in Figure 4.6. Notably, the former is linearly dependent 
on B0 and the latter exhibits a square-root B0‑dependence as a consequence of 
massless and massive Dirac quasiparticles. It is shown in the K-point energy 
evolution that compared to bilayer graphene, the energy spacings are signifi-
cantly reduced and the onset energy of the second group of LSs is increased 
to twice the value of γ1. This can be simply explained by the minimum model 
in which the in-plane dispersion at the K point is coupled with a vertical 
effective hopping energy of 2γ1 between two neighboring layers. On the other 
hand, the monolayer-like energy evolution at the H point comes from the fact 
that the state energies are correlated with only the nearest-neighbor in-plane 
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hopping γ0. However, the splitting of the lowest nc,v = 0 LSs is revealed only 
in the case of non-equivalent on-site energies for A and B sublattices.

The DOS also reveals the prominent peaks of both the monolayer-like 
and bilayer-like signatures, which respectively originate from the vicinity 
of local extreme values of LSs at the H and K points, as in Figure 4.7a. This 
implies that the essential properties in Bernal graphite can be regarded as 
a combination of monolayer and bilayer graphenes, and they also display 
linear and square-root dependence on B0. In STS measurements [81], the 
bilayer-like spectral features are relatively dominant and the valance DOS 
peaks are stronger than the conduction ones because the corresponding 
band curvature is relatively small. Furthermore, the energy dependences of 
the monolayer-like and bilayer-like LLs are also observed in the tunneling 
spectra of decoupled monolayer, bilayer and trilayer graphenes [84]. It should 
be noted that the reduced peak spacings, Fermi velocity, effective mass and 
onset energy of the second group, 2γ1, are important features to distinguish 
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the bulk graphite from a bilayer graphene. While the graphene properties 
have been verified with STS in bulk graphites, there are still unsolved issues 
regarding the tiny peaks resulting from the bulk properties of LSs between 
the K and H points.

4.3.2  Anti-Crossings of Landau Subbands

The evolution of the LSs from K to H is responsible for the magnetic quan-
tization that transforms the subbands from parabolic dispersion to linear 
dispersion, as shown in Figure 4.8. As a result of the anti-crossing of LSs, 
some tiny peaks appear in couples between monolayer-like and bilayer-like 
LSs, as indicated by green arrows in Figure 4.7a. Such tiny peaks come from 
the band extrema of the reversed LSs around kz = 0.8, as shown in Figure 4.8a. 
In [101], Nakao explained the anti-crossing phenomenon. The author applied 
the perturbation method to calculate the lift of degeneracy and this led to 
the conclusion that these level anti-crossings are due to the trigonal warping 
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effect of γ3 in the LS spectrum. Also, the event is deduced to appear at the 
crossover of two LSs that satisfy the condition, n1 − n2 = 3I + 1, where I is an 
integer, that is, the two LSs have the same quantum mode for a certain kind 
of subenvelope function. The opening energy of the anti-crossing LSs is 
more obvious in the stronger field, a phenomenon also observed for AB- and 
ABC-stacked few-layer graphenes [31,36,251]. In addition, γ2 and γ5 induce 
band edges for the first few valence subbands near the Fermi level [100]. 
These VHSs between K–H might be the cause of the unresolved DOS peaks 
in previous works [81,82].

In the anti-crossing region, the mixture of the LLs caused by the trigo-
nal parameter γ3 can be realized by the evolution of the subenvelope func-
tions of the LSs. The weight of the amplitude with respect to each sublattice 
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undergoes a significant hybridization along k̂z  for the nc
1 5=  LS that couples 

with nc
2 1=  LS, as shown in Figure 4.8f through i. The behavior is distinct 

from the unhybridized LS, for example, the nc
1 2=  LS in Figure 4.8b through 

e. For the nc
1 2=  LS, as the state moves from K to H, its bilayer-like suben-

velope functions gradually transform into monolayer-like ones, that is, the 
carrier distribution of two layers transfers into one of the two layers. The 
quantum mode of the dominating sublattice B1 transforms from two to one. 
On the other hand, evidence of the state hybridization of nc

1 5=  and nc
2 1=  

LSs can be shown by the perturbed behavior of the subenvelope functions 
around the anti-crossing center, kz ∼ 0.8(π/2Iz). Such a state is a multimode 
state, composed of the main mode nc

1 5=  and the side mode nc
2 1=  LS, as 

depicted in the dashed rectangle. Nevertheless, at the H point, the wave 
function of the LS converts to the monolayer-like nc = 1 LS as a result of van-
ished perturbation. It should be noted that the transition channels of the 
hybridized LSs might be too weak to observe in optical spectroscopy mea-
surements, but might be observable in STS measurements.

4.4  Magneto-Optical Properties

Bernal graphite, with band profiles of monolayer and bilayer graphenes, is a 
critical bulk material for a detailed inspection of massless and massive Dirac 
fermions. The recent surge in interest in 2D graphenes is based on the prop-
erties of bulk graphite. The monolayer-like and bilayer-like absorption spec-
tra are predicted to coexist in the bulk spectrum as a result of the excitation 
channels between intragroup LSs near the H point and between two intra-
group and intergroup LSs near the K point. Whether the optical transitions 
actually take place is subject to the relationship of the initial- and final-state 
subenvelope functions. According to A(ω), in Equation 2.37, it is deduced that 
they must have a quantum-mode difference of one with regard to the same 
sublattice. The spectral profiles, such as peak intensity, frequency and num-
bers, can thus be described by the responses of the optical channels of the 1D 
LSs. In particular, near the band edges of the 1D LSs at the K and H points, 
charge carriers chiefly accumulate and predominate the optical excitations.

The 1D-LS channels result in square-root divergent peaks in the absorp-
tion spectra where two series of peaks, marked by red and black dots, cor-
respond to the massive and massless Dirac fermions, respectively, as shown 
in Figure 4.9. The K-point associated peaks can mainly be classified into four 
groups of peaks, resulting from two intergroup and intragroup LS excita-
tions. However, the intergroup ones are obscured due to the broadening peak 
width and relatively weak coupling of wave functions between the initial 
state and final state, especially for the region at higher frequencies. Except 
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for the threshold peak that comes from only a single channel, most of the 
K-point associated peaks come from pair channels, referred to as twin peaks. 
The splitting energy between the pair is induced by the electron-hole asym-
metry; it decreases with increased frequencies or decreased field strengths. 
In contrast, owing to the subband symmetry at the H point, the degenerate 
channels give rise to only a single-peak spectrum with a relatively symmet-
ric divergence form. All such peaks can be precisely described by a mono-
layer graphene with only γ0. Accordingly, the absorption spectrum of Bernal 
graphite displays both a bilayer-like twin-peak structure and monolayer-like 
single-peak structure.

Spectral intensity is mainly determined by two factors: the kz-depen-
dent band-edge curvatures and the velocity matrix. It turns out that the 
H-point and K-point excitations make almost the same contribution to the 
magneto‑absorption spectra, despite the former having two times more exci-
tation numbers according to the DOS shown in Figure 4.7. The optical tran-
sition rate depends on the expectation value of the velocity matrix, which 
can be divided into several components of wave function products, each with 
their own respective integral hopping γ’s. However, because γ0 is at least one 
order larger than the others, the optical transition rate is simplified as an 
inner product of the same-layer A and B subenvelope functions of the ini-
tial and final states. Based on the kz-evolution of the subenvelope functions 
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described in Section 4.3.1, the strong–strong combination at H is evidence of 
the comparable intensity of the Dirac quasiparticles in the H- and K-related 
spectra.

There are some inconspicuous absorption peaks that come from the 
band-edge states of the anti-crossing LSs, which satisfy the selection rules 
of modulo 3, instead of the principle selection rule that characterizes the 
prominent K-point and H-point peaks in Figure 4.9. One can ascribe the 
specific selection rules to the hybridization of the anti-crossing LSs, which 
is determined by interlayer atomic interactions, γ3 (Section 4.3.2). Therefore, 
the inconspicuous peaks have relatively weak intensities compared to the 
K-point and H-point peaks, not only because of the smaller DOS but also 
because of the smaller velocity matrix. These extra peaks are also studied 
in graphene systems [137,271], especially severely symmetry-breaking struc-
tures, such as AAB- [25] and sliding bilayer graphenes [35]. This indicates 
that obtaining a comprehensive description of graphene and graphite sys-
tems requires all atomic interactions of the Slonczewski–Weiss–McClure 
(SWM) model for accurate calculations of the velocity matrix and character-
ization of wave functions.

In graphenes, the spectral peaks are sharper and more distinguishable 
than those in graphite due to the stronger Landau quantization effect in 2D 
materials, as shown in Figure 4.10. The excitation channels in bilayer gra-
phene resemble the K-related ones in Bernal graphite, while the absorption 
peaks are delta-function-like, reflecting the 0D dispersionless LLs as in the 
2D systems. This is in contrast to the square-root-like divergent form of the 
absorption peaks in 3D bulk systems as a result of the 1D dispersive LSs 
along the out-of-plane direction. Also, the absorption spectrum presents 
twin-peak structures due to the splitting of dual channels, with a smaller 
splitting energy of ~10 meV and half-reduced onset energy γ1, as com-
pared to Bernal graphite. In the case of trilayer AB-stacked graphene, the 
magneto‑absorption spectrum is regarded as a combination of monolayer-
like and bilayer-like spectra. The former exhibits a predominantly uniform 
intensity with single-peak structures similar to the H-point characteristics in 
graphite. However, the latter displays half-intensity twin peaks correspond-
ing to the splitting of the dual channels in the electron-hole asymmetric LL 
spectrum. In addition, the absence of intergroup excitations between bilayer-
like and monolayer-like LSs is due to the anti-symmetric phase relation in 
the velocity matrix.

The optical channels at K and H points show two kinds of field evolutions 
of absorption frequencies, as shown in Figure 4.11. The former type behaves 
as a linear dependence of B0 whereas the latter is square-root-like, as depicted 
by the black and red solid curves in Figure 4.11a. The absorption frequencies 
related to the H point are identical to those of monolayer graphene and can 
be well described by a nB0  relationship (Figure 3.13a). However, compared 
to the bilayer spectrum (Figure 4.11), the splitting in double peaks is a little 



65Bernal Graphite

enhanced for the K-point channels because of the amplification of interlayer 
atomic interactions in graphite. In short, both AB-stacked graphene and 
graphite exhibit massless and massive Dirac-fermion properties in the opti-
cal absorption spectra with or without magnetic fields. The induced spectral 
features, such as the frequency dependence, peak width, divergent form and 
onset energy γ1, are the signatures that can be used to distinguish between 
Bernal graphite and graphene. It should be noted that the twin peaks are 
sensitive to the magnetic field strength. However, the observability in optical 
spectroscopy depends on how the magnetic field competes with the experi-
ment resolution and ambient temperature. These main features provide very 
useful information for identifying the stacking configurations and dimen-
sionality of systems from experimental measurements.
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Magneto-optical spectroscopy provides useful insight into the LSs in 
graphite materials. The optical response of the Dirac quasiparticles is a dom-
inant contributor to the magneto-optical properties. Infrared magneto-trans-
mission studies mainly focus on detailed information about the differences 
between graphites and multilayer epitaxial graphenes [89–93,246,255,256]. 
Reflecting bilayer-like parabolic dispersion, a series of absorption peaks of 
energy scaled as linear-B0 are present in the spectra and are identified as 
contributions from massive Dirac fermions in the vicinity of the K point [93]. 
By satisfying the linear relationship and selection rule ∆n = ±1, the effec-
tive interlayer interaction 2γ1 at the K point is obtained in the framework 
of the minimal model. The deduced value is actually about double that of 
bilayer graphene. However, reflecting the inherent complexity of the SWM 
model, there is evidence of the splitting of channels at the K point, which 
is attributed to electron-hole asymmetry. This is also observed in mag-
neto-reflection [252], magneto-absorption [89,255] and magneto-Raman 
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experiments [253,254]. The experimental results indicate that the full SWM 
model including additional interlayer atomic interactions well describes the 
electron-hole LS asymmetry.

The monolayer-like spectra are verified by a series of inter-LS transitions 
with a characteristic magnetic field frequency dependence ω ∝ nB0  at the 
H point [91–93,246,255]. The measured dependence can be used to directly 
obtain the value of γ0 in graphite. The full SWM model provides a basic inter-
pretation in such a case to clarify the optical response of the graphene layers 
and achieve a quantitative agreement between optical experiments and the-
ory. However, there is also evidence of the splitting of degenerate channels 
at the H point [91,92,246,255]. It is confirmed that the observed splitting is not 
associated with the electron-hole asymmetry of the Dirac cone. The splitting 
of the degenerate channels might be attributed to the on-site energy differ-
ence between A and B sublattices, spin-orbital coupling, anti-crossing of LSs 
or parallel magnetic flux. Nevertheless, these results require a more elabo-
rated model and clearer experimental evidence. While the trigonal warping 
affects the anti-crossings of the LSs in the low-energy region, a new series 
of absorption peaks obeying new selection rules might possibly be observed 
with the increased hybridization of the coupled LSs.

Magneto-optical spectroscopies have also been used to study massless 
and massive Dirac fermions in 2D AB-stacked few-layer graphenes. The 
electron-hole asymmetry is also reported in bilayer graphene with cyclo-
tron resonance [257], ARPES [79] and infrared spectroscopy [9,259], which is 
mainly under the influence of γ2 and the inequivalent environments of the 
two sublattices. The infrared transmission spectrum of ultrathin graphenes 
(3–5 layers) indicates that two series of B0- and B0 -dependent frequencies 
are observed for the low-lying inter-LL excitations of the massless and mas-
sive quasiparticles, respectively [261]. Magneto-Raman spectroscopy has also 
been used to probe the Dirac-like optical excitations in few-layer graphenes 
[262,263]. However, further experiments on the higher excitation channels 
are needed for identifying the energy dependence of the higher LLs away 
from the Fermi level. The optical experiments can be used to determine the 
interlayer atomic interactions that dominate the electron-hole asymmetry 
and LL and LS dispersions. The linear and square-root energy relationships 
of Dirac-like magneto-channels can be found in few-layer graphenes and 
graphite, while the differences between the interpreted values of γ’s can 
distinguish the stacking layer, configuration and dimensionality.



http://taylorandfrancis.com/


69

5
Rhombohedral Graphite

In an ABC-stacking configuration, 2D graphene and 3D graphite belong 
to different lattice symmetries. The primitive unit cell of the bulk graph-
ite is a rhombohedron with biparticle lattice symmetry. The essential 
low-energy properties are described by the 3D anisotropic spiral Dirac 
cones. However, the dimensional crossover of electronic properties is 
absent in the ABC stacking. In 2D layered graphene, the surface-localized 
states appear to be a nontrivial topology of the Dirac spiral in a 3D case. 
Moreover, the sombrero-shaped subbands, irrelevant to the rhombohedral 
graphite, are evidence of the 3D to 2D transition. The absorption spectrum 
is contributed by N2 channels, while the low-frequency region is mainly 
dominated by the surface-localized states. Under a magnetic field, each 
of the N2 channels displays different B0-dependence regarding the fre-
quency, intensity and number. Furthermore, the anti-crossing of Landau 
levels (LLs) leads to discontinuous frequencies and intensities of extra 
peaks as a function of B0.

5.1  Electronic Structures without External Fields

In a hexagonal unit cell with P3 symmetry [136], the energy dispersions of 
the rhombohedral graphite are depicted along different symmetric direc-
tions, as shown in Figure 5.1. The band structure consisting of three pairs 
of occupied valence and unoccupied conduction subbands is highly aniso-
tropic and asymmetric around the Fermi level. The in-plane energy bands 
show linear or parabolic dispersions, whereas they weakly depend on kz. 
The valence (conduction) energy bands at K, M and Γ points are the local 
maximum (minimum), saddle and minimum (maximum) points, respec-
tively. They induce large density of states (DOS) and greatly affect optical 
excitations. Near the K point, the first pair of subbands, crossing the Fermi 
level, exhibit linear dispersion without degeneracy. The second pair are dou-
ble-degenerate parabolic subbands; however, the broken degeneracy along K 
leads to three nondegenerate parabolic subbands at middle energies ~±2B0. 
When the plane is shifted from kz = 0 to kz = π/3Iz, similar in-plane disper-
sions are also revealed in the HLAH plane. However, the pair of linear bands 
is located at the HA line instead of the HL line. In particular, the energy 
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subband along KH becomes a threefold degeneracy with a very weak kz-
dependent dispersion. Moreover, a small intersection of valence and conduc-
tion linear subbands crosses EF with a very weak dispersion, leading to small 
free carrier pockets near the K–H region.

Remarkably, one pair of linear subbands always show up at the (kx, ky) 
plane, regardless of the value of kz. This means that Dirac cones exist 
in rhombohedral graphite while the Dirac points are spirally distributed 
along the high-symmetry line K-H. Furthermore, the parabolic subbands 
are attributed to zone folding [111], because the Hamiltonian (Equations 
2.21–2.23) is built in the triple hexagonal unit cell instead of the primitive 
unit cell, which is a rhombohedron with space group symmetry R m3 .

In the next section, an analytic solution for 3D Dirac cones is calculated 
in the primitive unit cell along the highly symmetric points using the 
effective‑mass model with only γ0 and γ1 [134,265,266]. The trajectory of 
Dirac-cone movement is a function of kz. Furthermore, the distortion and 
anisotropy of the Dirac structures have also been studied separately under 
the influence of other interlayer atomic interactions [111].
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5.2  Anisotropic Dirac Cone Along a Nodal Spiral

The primitive unit cell of a rhombohedral graphite is defined in Figure 5.2a, 
which is 1/3 of the volume of the hexagonal unit cell. The three primitive unit 
vectors a1, a2, and a3 are related to the c-axis: 3 Iz iiẑ = ∑ = a1

3 , where a1 = a2 = a3, 
and the angles between two primitive vectors are the same. A rhombohe-
dron with six identical faces is referred to as a primitive cell in ABC-stacked 
graphite. The Dirac-type dispersion is obtained under a continuum approxi-
mation for the low-energy band structure in the vicinity of the H-K-H hex-
agonal edges specified in Figure 5.2b. The energy dispersion is described as 
a function of the 3D wave vector with the Brillouin zone (BZ) edge serving 
as a reference line.

Based on the two sublattices, a full tight-binding Hamiltonian is repre-
sented by a 2 × 2 matrix,

	 H
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The perpendicular wave-vector component kz is scaled by 1/Iz and the vari-
ables k, ϕ and ′vm  are defined as follows: k k kx y= +2 2 , ϕ = arctan (ky/kx − 7π/6) 
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FIGURE 5.2 
(a) Rhombohedral primitive unit cell (red color) and triple hexagonal unit cell (blue color); (b) 
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and v b mm m
′ ′= =( ) ( ) ( , ,3 2 0 3 4β /  and 5)� . This chiral Hamiltonian characterizes 

the inversion symmetry, and its eigenvalues are calculated as

	 E H H= ±1 2 . 	 (5.3)

In Equation 5.1, the off-diagonal elements can be written as H2 = f(kx, ky, kz) + β1exp(ikz) 
if β2 and ′β5  are neglected, where | | [ ( )] /f v v v v k kz� �0

2
3
2

0 3
1 22 2+ − −cos φ . This indi-

cates the Dirac-cone chirality of massless Dirac fermions, while β1 induces an 
offset energy from the hexagonal edge for the Dirac point. On the other hand, 
the identical diagonal elements lead to gapless Dirac cones, and their linearity 
in k implies the possibility of cone tilting. Moreover, the zone-folded parabolic 
bands are absent in the primitive rhombohedral representation.

By ignoring β2, ′v4  and v5, the coordinate (kD, ϕD) and the energy ED of the 
Dirac point are obtained in the case of H2 = 0; they are, respectively, expressed 
as follows up to first-order perturbation 𝒪(v3/v0):
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and

	 E k k k v v v v v kD D z D z z( ) ( )( ) = +( ) ( ), .φ β2 31 5 0 3 4 0
2/ / cos 	 (5.5)

In terms of polar coordinates (q, θ) and the coordinate transformation q2 = k2 
+ kD

2 − 2kDkcos(ϕ − ϕD), the Dirac-type energy dispersion in Equation 5.3 can 
be simply expressed as

	 E q k E q kz D z, , , , ,θ θ( ) = ± ( ) 	 (5.6)

where

	  q k v v k v k qz z z, ,θ θ θ( ) = − −( ) ± +( ) 0 3 42 2cos cos � .	  (5.7)

This describes the dispersion of the anisotropic Dirac cone; the + and − signs 
refer to the upper- and lower-half Dirac cones, respectively, and, in particu-
lar, the Dirac point ED displays a spiral dispersion as a function of kz. In the 
minimal model with only β0 and β1, the Dirac cone is identical to that of 
monolayer graphene with a Fermi velocity v0 [134]. The spiral of the Dirac 
point is described as a function of v0 in the case of v3 = v4 = 0, which lies on a 
cylindrical surface of radius β1(v0ħ)−1 with the spiral angle ϕD in sync with −kz. 
However, taking into account the interlayer hoppings v3 and v4, we find that 
the spiral becomes non-cylindrical and exhibits kz-dependent anisotropy. 
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The former and the latter, respectively, keep and reverse the sign under a 
phase shift θ → θ + π; they, respectively, cause a rotation and tilt of the Dirac 
cones as a function of kz. Previous works [111] have demonstrated the aniso-
tropic tilt of the Dirac cones that vary in orientation and shape with kz along 
the Dirac-point spiral. The Dirac-point spiral across EF indicates the semime-
tallic properties, while the band overlap ≃10 meV according to Equation 5.5 
is one (two) order of magnitude smaller than that of Bernal (simple hexago-
nal) graphite. Near kz = 0(±π/3), there is an electron (hole) pocket, and at kz = 
±0(π / 6), the free carrier pockets shrink to the Dirac point, that is, the location 
of the Fermi level ED = ED(π / 6 = 0). This phenomenon is also demonstrated 
in the hexagonal unit cell (Figure 5.1). Similar analysis can be performed for 
the H-K-H edge extension, around which the spiral angle synchronizes with 
kz and the chirality is reversed.

5.3  Dimensional Crossover

The 3D characteristics of the electronic properties are significant for the 
dimensional crossover from 2D few-layer graphene to 3D bulk graphite [267]. 
The ABC-stacked configuration gives rise to different lattice symmetries for 
the 2D and 3D systems. With the periodic stacking of graphene sheets, the 
bulk graphite has a biparticle lattice symmetry belonging to the space group 
R m3 . Its primitive unit cell is a rhombohedron containing two atoms, desig-
nated as A and B in Figure 5.2a. In contrast, the N-layer ABC-stacked graphene 
has two atoms on each layer, that is, a total of 2N atoms. Therefore, it is easy 
to figure out the distinction of the energy bands between both systems. The 
low-energy electronic properties in the bulk graphite are described by the 
3D anisotropic Dirac cones tilted relative to kz

� . On the other hand, the few-
layer case is characterized by one pair of partially flat subbands at EF, which 
is mainly contributed by the surface-localized states [36,268]. Such appear-
ances of subbands, irrelevant to the bulk subbands, indicate the dimen-
sional crossover from graphite to few-layer graphene [267]. Nevertheless, the 
weakly kz-dependent dispersion across EF displays a semimetallic behavior 
for the bulk graphite, making it a candidate system for the observation of 3D 
QHE [109,134]. Furthermore, there are sombrero-shaped subbands near β1, 
which can be used as an interpretation of the dimensional crossover of the 
3D case to the 2D limit.

The DOS is very useful for understanding optical properties. Its main 
characteristics are responsible for the Dirac cones that spiral down as kz var-
ies. In the low-energy region, the DOS intensity increases nonlinearly with 
the increasing Ω, as shown in Figure 5.3a. At ω = 0, a sharp valley is formed 
due to the fluctuation of Dirac-point energies within EF − 5 meV ~ EF − 5 
meV. Furthermore, a cave structure consisting of a local maximum and local 
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minimum is formed near ω ≃ (−)0.09β0 for conduction (valence) DOS [136]. 
The nonlinear dependence of D(ω) is attributed to the deformation of the 
isoenergy surface of the anisotropic Dirac cones, as indicated by the insert 
of Figure 5.3a. However, when ω exceeds the nonmonotonous structure, D(ω) 
becomes linearly dependent on ω as a consequence of the restoration of Dirac 
cones. In the middle-energy region, the smoothly enhanced DOS is contrib-
uted by the parabolic subbands, while the prominent peak near Ec,v ≃ ±β0 is 
a bit broader than that of monolayer graphene as a combination of a series of 
in-plane saddle-point states in the 3D k space.

For ABC-stacked graphene, the dimensional crossover of electronic proper-
ties is revealed by 2D divergent structures in the DOS [269]. The DOS is nearly 
symmetric around the Fermi level, as shown in Figure 5.3b. At low energies, 
evidence for the partial flat bands near the EF is revealed by a symmetric 
broadening peak in the scanning tunneling spectroscopy (STS) measure-
ments [128,129]. Those away from EF originate from the sombrero-shaped and 
parabolic subbands. Consequently, the low-energy features in ABC-stacked 
graphenes are dominated by the surface-localized states. Furthermore, the 
saddle-point states at middle energies induce three symmetric peaks. These 
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are in contrast to the valley and cusp DOS in the 3D bulk k space. The dif-
ferences between ABC-stacked graphenes and graphites are mainly caused 
by the different stacking symmetries and the reduction of dimension, which 
would be reflected in the absorption spectra A(ω).

5.4  Optical Properties without External Fields

The absorption spectrum of rhombohedral graphite reflects the Dirac-cone 
energy dispersions, as shown in Figure 5.4a. In general, the low-frequency inten-
sity increases approximately linearly with the increasing ω, as a result of the 
excitations within the Dirac cones that spiral around the K (K) corner, where 
the Dirac points fluctuate within a narrow range EF − 5 meV ~ EF + 5 meV [270]. 
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However, the interlayer atomic interactions distort the Dirac cones and slightly 
break the linear dependence of the absorption intensity on the frequency [136]. 
The small valley at ~ 0.2β0 is associated with the transition between the caves in 
the DOS (Figure 5.4a). As the energy dispersion transforms from linear to para-
bolic (ω ≳ 1.0β0), the spectra deviate from the linear dependence. In the middle-
energy region, the enhanced kz‑dependence of the parabolic subbands induces a 
wider distribution of the spectral structure. There are two separated peaks at ω 
~ 1.95 β0 and ω ~ 2.0 β0 (black circles); they solely come from the excitations from 
the BZ edges M and L, respectively. The second peak is higher than the first one 
because of the higher joint density of states (JDOS) and transition probability.

In an N-layer ABC-stacked graphene, the optical absorption spectrum is 
richer than that of graphite in both the low- and middle-frequency regions, 
as a result of the more N  N kinds of excitation channels [271,272]. For exam-
ple, in the trilayer case, the vertical transitions near the K point among dif-
ferent low-lying subbands give rise to feature-rich structures at low energies, 
including asymmetric peaks and shoulders, as shown in Figure 5.4b. The 
middle-frequency channels also lead to several obvious peaks associated 
with the saddle-point states near the M point. It should be noted that the 
threshold peak, due to the vertical transitions between the surface-localized 
and sombrero-shaped subbands, is prominent at ω ~ β1 as a dominance of 
the surface-localized states in the DOS. Optical transmission spectroscopy 
has been used to verify the optical excitations related to the surface-local-
ized and sombrero-shaped subbands [131,272]. These experimental evi-
dences identify the dimensional crossover from ABC-stacked 3D graphite 
to 2D graphene.

5.5  Magneto-Electronic Properties

5.5.1  Tight-Binding Model

The LS spectra in rhombohedral graphite are calculated using a diagonaliza-
tion scheme designed for the Peierls tight-binding Hamiltonian in the rep-
resentation of the triple hexagonal unit cell [273]. The main characteristics 
of the spectra exhibit a clearly discernible 3D semimetallic behavior. The LS 
dispersion is smaller by one or two orders of magnitude than that of Bernal 
graphite and simple hexagonal graphite, as shown in Figure 5.5a for β0 = 40 T. 
Due to the triple-size enlarged unit cell, the degeneracy of LSs is deduced to 
be 3 × 4 for a single LS at a specific kz point in the hexagonal first Brillouin 
zone (1st BZ). With the ABC-sacking sequence, its bulk limit has the spe-
cific group symmetry R m3 , containing two atoms in a primitive unit cell in 
comparison to 2N atoms for an N-layer 2D case. This results in very distinct 
magneto-electronic properties between both systems. Accordingly, the LSs 
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(LLs) for the cases of bulk graphite and the N-layer graphene are, respec-
tively, classified as one-group and N-group [31,36,273].

The energy dispersions of LSs actually display a kz‑dependence con-
sistent with the behavior of the zero-field band structure, in which the 
Dirac-point spiral dispersion in Equation 5.5 corresponds to the nc,v = 0 
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LSs. The behavior of the subenvelope functions provides evidence that 
also suggests the magnetic quantization of Dirac cones [112]. Their rela-
tionship between A and B sublattices is independent on kz, and the same 
as that obtained from a comparative diagonalization for monolayer gra-
phene (e.g., at kz = π/6 Iz in Figure 5.5b through g). The subenvelope func-
tion of the nc,v LS consists of quantum modes nc,v and nc,v − 1 on sublattices 
B and A, respectively, where nc,v − 1 > 0. In particular, the nc,v = 0 LSs are 
characterized by the same pseudo-spin polarizations on the B sublattice. 
The reversed pseudo-spin polarization on A is held by the degenerate 
states of the = nc,v LSs. Within the first-order minimal model, the Dirac-
point spirals can be made topologically stable by the chiral symmetry, 
meaning that the interlayer atomic interactions are not obvious in the 
diagonalization results [274].

Remarkably, in the minimal model, as a consequence of the magnetic quanti-
zation on the Dirac cones, the LS spectrum is dispersionless as a function of kz, 
as shown by the red curve in Figure 5.5a. However, the effect of full interlayer 
interactions reflects the dimensional crossover for the Dirac cone and LS spectra 
in the rhombohedral graphite. While the properties of Dirac cones are preserved 
during the variation of B0, these discernible 3D characteristics, deviated from 

n Bc v,
0 ‑dependence, are presented by B3 and B4 in terms of the tilt and distor-

tion of the Dirac cones. In the next section, the Onsager quantization method is 
used to give analytic energy solutions, and this leads to the identification of the 
effects of critical atomic interactions on the LSs along a nodal spiral.

5.5.2  Onsager Quantization

The Onsager quantization rule is used to obtain the quantized energies for 
the Landau states of an isoenergetic surface along the Dirac point spiral [111]. 
According to the energy dispersion in Equation 5.6, the area S(ϵ, kz) enclosed 
by the contour of energy ϵ is calculated from

	 S k d q k q dqz
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Using Equation 5.6 and trigonometric substitutions, the integration is 
approximated as
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The Onsager quantization condition is given by

	 S k eB nz
c v , ,,( ) = 2 0π � 	 (5.10)



79Rhombohedral Graphite

where the zero phase shift results from the same electron chirality and Berry 
phase as in monolayer graphene, regardless of the anisotropy of the Dirac 
cones. By neglecting interlayer atomic interactions, the quantized Landau 
energies are obtained for an isolated Dirac cone, that is,

	 E n v eB nc v c v c v0
0 02( ) ( ) = ±, , , / ,� � 	 (5.11)

which turns into

	 E n F kc v c v
z

0( ) ( ) ( ), , 	 (5.12)

for the tilted Dirac cone in rhombohedral graphite, where F(kz) = [1 − (v3/
v0)2]3/4 × {1 − 3(v4/v0)2[1 + 2(v3/v0)cos(3kz)]} is used to describe the dispersion fac-
tor as a consequence of the variation of the enclosed area. The energies of LSs 
are then obtained by superimposing the dispersions (Equation 5.12) on the 
Dirac point ED (Equation 5.5), that is,

	 E n k E E n F kc v c v
z D

c v c v
z

, , , ,,( ) = + ( ) ( )( )0 .	  (5.13)

According to the lowest LS in Equation 5.13, Ec, v(nc, v = 0, kz) = ED ∝ cos(3kz), the 
Fermi level is determined at the point kz = π/6, as the field strength allows the 
formation of LS bulk gaps, that is, B0 ≥ [ED(kz = 0)−ED(kz = π/3)]2/v0

2eℏ ≃ 0.11 T. 
Therefore, the renormalized Fermi velocity is given by
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At B0 = 40 T, the energy dispersions of LSs (Eq. 5.13) are plotted from 
kz = 0 ∼ kz = π/3Iz, as shown in Figure 5.5. The results are consistent with the 
tight-binding calculations in the energy range, –β0≲Ec,v ≲β”0.

The B0-dependent Landau‑subband energies display the influence of the 
interlayer and intralayer atomic interactions, as shown in Figure 5.6. In the 
minimal model, the LS dispersion and the Fermi velocity are obtained by 
keeping only v0 and v1 in Equations 5.13 and 5.14. The calculated LSs are dis-
persionless in the 3D momentum space and the Fermi velocity is vF = v0, as a 
result of the identical isotropic Dirac cones along a dispersionless Dirac‑point 
spiral. However, the full tight-binding model brings about characteristics 
beyond the minimal model. Within a Dirac cone, the quantized Landau ener-
gies are symmetric around its Dirac point, based on Equation 5.11, while the 
spiral localization of the Dirac points gives rise to the electron-hole asymme-
try. This is interpreted as a consequence of v3 and v4, causing a narrow excita-
tion energy range for a single channel, nv → nc, which might be observed in 
optical experiments. Low-lying LSs are weakly dispersive in contrast to both 
AA- and AB-stacked graphites. In particular, only the nc,v = 0 LS moves across 
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the Fermi level. The LS spacings are also reduced due to the renormaliza-
tion of the Fermi velocity. Moreover, the bulk gap can be closed for higher 
LSs (nc,v ≳ 25), because of the enhanced kz dispersion. The LSs calculated from 
Onsager quantization are consistent with those from numerical diagonaliza-
tion up to nc,v = 18 ≃ ±730 meV. However, the inconsistency coming from the 
continuum approximation is more apparent for higher nc,v values.

The magnetically quantized DOS of rhombohedral graphite is plotted 
in Figure 5.7a. In the framework of the minimal model, the DOS peaks of 
rhombohedral graphite are identically reduced to 2D delta-function-like 
peaks of monolayer graphene, because the Dirac cones are isotropic and cir-
cularly distributed at EF = 0. In particular, all the peaks are of equal intensity 
and symmetric around the Dirac points at EF = 0. Under the influence of 
β3 and β4, the isotropic Dirac cones become tilted, anisotropic and spiraled 
near the edge of the BZ. The equal-intensity peaks transform into nonequal-
intensity double peaks whose widths are determined by the kz dispersions 
of the 1D LSs. Each peak has two square-root-divergent forms, correspond-
ing to the band-edge energies at the K and H points (green and blue dots). 
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The Dirac-point spiral causes the particle-hole asymmetry, which further 
destroys the anti‑symmetric dispersions of LSs in the BZ, leading to differ-
ent DOS intensities for valence and conduction LSs.

On the contrary, the DOS of ABC-stacked trilayer graphene exhibits three 
groups of symmetric delta-function-like peaks, which are not regularly 
sequenced according to the dispersionless LLs of three different subbands, 
as shown in Figure 5.7b. Different characteristics of the three groups of LLs 
are clearly shown. The first peak at the Fermi level is composed of three 
surface-localized LLs; therefore, its intensity is estimated to be around three 
times that of other peaks. Furthermore, peaks are densely formed for ω ≳ β1, 
which approaches the crossover of the onset energies for the second and 

0
–0.2 –0.1 0 0.1 0.2

0.015

D
O

S 
(s

ta
te

s/
β 0

 a
to

m
s)

0.03
ABC-stacked graphite; B0 = 40 T

Full tight-binding model
K-point edge
H-point edge
Minimal model

(a)

1st
2nd
3rd

–0.2 0 0.2

D
O

S 
(s

ta
te

s/
β 0

 a
to

m
s)

E (β0)

0

0.015

0.03
Trilayer graphene

(b)

FIGURE 5.7 
DOS of ABC-stacked (a) graphite and (b) trilayer graphene under B0 = 40 T. The black and red 
curves in (a) represent the calculations from the tight-binding model and minimal model, 
respectively.



82 Electronic and Optical Properties of Graphite-Related Systems

third groups. While the low-lying peaks in ABC-stacked few-layer graphenes 
have been confirmed by STS, the essential differences between ABC-stacked 
graphites and graphenes need to be further verified.

5.6  Magneto-Optical Properties

The spiral Dirac cones in rhombohedral graphite contribute to a 1D mag-
neto-optical structure, different from monolayer graphene (minimal model) 
as a result of the tilted anisotropic Dirac cone and the renormalization of the 
Fermi velocity, as shown in Figure 5.8a for B0 = 40 T. Across the Dirac points, 
the interband optical transitions between the LSs of nc and nv obey a specific 
selection rule, nc − nv = ±1, at a fixed kz for the tiled Dirac cones along a nodal 
spiral [138]. Since ED(kz) breaks the anti‑symmetric dispersions of Ec, v(nc, v, kz) 
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along the 1st BZ, the Fermi level is determined at ED(kz = π/6), exactly across 
the middle of the zero-mode LSs; therefore, the range of 0 ≤ kz < π/6 is unoc-
cupied and that of π/6 ≤ kz≤π/3 is occupied. The spectral intensity exhibits 
a variation during K → H. For a single channel nv → nc(=nv ± 1), the peak fre-
quency is calculated from analytic LS solutions in Equation 5.13,

	 ω πnn
vc

F B zB v l n n F k± = ( ) + ±( ) =( )1 02 1 6� / / , 	 (5.15)

and is accompanied by a frequency distribution between 
( )( ) ( )2 1 00B v l n n F kF B z� / + ± =  and ( )( ) ( )2 1 30B v l n n F kF B z� / /+ ± = π .

Near the BZ edges, K and H, the vertical transitions have only a tiny 
energy difference and consequently merge to form single peaks; however, 
within the minimal model, the spectra convert to a uniform-intensity single-
peak structure because the LSs are irrelevant to kz and identical to those of 
monolayer graphene as described by Equation 5.13 with ED = 0 and F(kz) = 1. 
Moreover, the peak intensity decreases with the increasing ω due to the fact 
that the functions ED(kz) and F(kz) vary in terms of interlayer atomic inter-
actions other than β1. Consequently, under the perturbative kz-dependent 
interlayer hoppings β3, β4, and so on, the deviation from the massless Dirac-
like Landau energies indicates the distortion of the isotropic Dirac cones.

With the dimensional crossover from 3D to 2D, ABC-stacked graphene 
exhibits magneto-optical properties that are in sharp contrast to those of 
bulk graphite because of the different lattice symmetries [137,271]. The inter-
band transitions among N groups of conduction and valence LLs contrib-
ute to N × N groups of absorption peaks, each of which displays different 
B0-dependence regarding the frequency, intensity and number, as shown in 
Figure 5.8b [137,271]. In general, the intragroup peaks are relatively stronger 
than the intergroup ones. The absorption frequencies and intensities increase 
with the magnetic field strength, and also obey the particular selection rule 
Δn = ±1. However, the inter-LL excitations for the sombrero-shaped bands 
give rise to converted frequencies. This abnormal phenomenon is enhanced 
with the increase of the ABC-stacked graphene layers. Recently, the inter-LL 
excitation for the partially flat bands and the lowest sombrero-shaped band 
have been verified by magneto-Raman spectroscopy for a large ABC domain 
in graphene up to 15 layers [139].

However, abnormal B0-dependent properties are exhibited by perturbed 
LLs in small anti-crossing LL regions, as shown in the dashed green ellipse 
in Figure 5.9b. The corresponding peak intensities and frequencies are dis-
continuous as a function of B0 and extra optical selection rules are induced 
for such LLs with hybridized quantum modes. The larger the layer num-
ber N, the more complex the absorption spectrum will be. Furthermore, the 
spectrum cannot converge to a 3D spiral Dirac absorption spectrum due to 
the absence of R m3  symmetry in the 2D limit.
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The identification of interband transitions can be made by 
magneto‑absorption, reflection and transmission measurements. The energy 
width of double peaks, with a separation of ~10 meV, can be resolved; fur-
thermore, it is feasible to probe the Fermi velocity through the measure-
ments of the cyclotron resonance by far-infrared spectroscopy. Moreover, 
near the Fermi level, rhombohedral graphite has bulk gaps between low-
lying LSs in a very weak magnetic field (estimated in Equation 5.13). The 
achievement of 3D QHE is attainable within the region of bulk gaps; the 
expected QHE plateaus are different from the experiments reported in ABC-
stacked trilayer graphenes [41]. Furthermore, this is in contrast to the cases 
of AA- and AB-bulk graphite, which have unattainable field strengths that 
are required to open the bulk gaps to observe a series of 3D QHE plateaus.
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6
Quantum Confinement in Carbon 
Nanotubes and Graphene Nanoribbons 

The periodical boundary condition in a cylindrical nanotube surface can 
quantize the electronic states with the angular momenta (Jc, v’s) corresponding 
to the well-behaved standing waves. This leads to a specific optical selection 
rule when the electric polarization is parallel to the surface [145–148,275,276]. 
Cooperation with the magnetic field greatly enriches the fundamental proper-
ties. Magneto-electronic and optical spectra are very sensitive to changes in 
the magnitude and direction of the magnetic field and nanotube geometry 
(radius and chiral angle). The B-field can bring about the metal-semiconductor 
transition, drastically change the 1D energy dispersions, obviously destroy the 
state degeneracy and induce the coupling of different angular momenta. As a 
result, there are more B-dependent absorption peaks in the square-root asym-
metric form. Specifically, magnetic quantization, with high state degeneracy, 
is absent except for in cases with very large radii and strong magnetic fields.

On the other hand, a finite-size graphene nanoribbon does not have a trans-
verse wave vector, owing to the open boundary condition. The nanoribbon’s 
width, edge structures and external field are responsible for the unusual 
properties, and it is predicted to present edge-dependent optical selection 
rules in terms of the subband indices (Jc, v’s) [168–170]. Based on detailed anal-
yses, these nanoribbons principally come from the peculiar spatial distri-
butions of the edge-dominated standing waves. A perpendicular magnetic 
field could result in quasi-Landau levels (QLLs), while the magnetic length 
is longer than the nanoribbon width. Each QLL is composed of partially flat 
and parabolic dispersions, which dramatically changes the main features of 
electronic and optical spectra. The magneto-optical selection rule of QLLs 
is similar to that of monolayer graphene. Graphene nanoribbons are quite 
different from carbon nanotubes in terms of quantum numbers, wave func-
tions, energy gaps, state degeneracies, selection rules and magnetic field 
effects, clearly illustrating the critical role of the boundary conditions.

6.1  Magneto-Electronic Properties of Carbon Nanotubes 

Each carbon nanotube can be constructed by rolling up a graphene from 
the origin to the lattice vector Rx = Pa1 + Qa2, where a1 and a2 are primitive 
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lattice vectors of a 2D sheet (Figure 6.1a). A (P,Q) nanotube has a chiral angle 

of θ= +−tan Q P Q1 3 2[ ]/ ( )  and radius of r b P PQ Q= + +3 22 2( ) / π . (P,P) 
and (P,0), respectively, correspond to nonchiral armchair and zigzag sys-
tems (θ = 30° and 0°). The number of carbon atoms in a primitive unit cell is 

N P PQ Q R RS Sc = + + + +4 32 2 2 2( )( ) / , where (R,S) correspond to the primi-
tive lattice vector along the nanotube axis.

The misorientation of 2pz orbitals (the curvature effect) on the cylindri-
cal surface leads to the change in the hopping integral, that is, γi = Vppπcos(
Φi) + 4(Vppπ − Vppσ) [r/b sin2(Φi/2)]2, where i(=1, 2, 3) corresponds to the three 
nearest neighbors, and Φi (Φ1 = −b cos(π/6 − θ)/r, Φ2 = b cos(π/6 + θ)/r; Φ3 = −b 
cos(π/2 − θ)/r) represents the arc angle between the two nearest-neighbor 
atoms. The Slater–Koster parameters Vppπ(=−2.66 eV) and (=6.38 eV), respec-
tively, represent the π and σ bondings between two 2p orbitals in a graphene 
plane [281]. The Hamiltonian matrix will be built for any magnetic-field 
direction. α is the angle between the magnetic field and axis. As for a zero 
or parallel magnetic field, a 2 × 2 Hamiltonian, accompanied by Jc,v = 1, 2, 3, 
and so on, and Nc/2, is sufficient for calculating the essential properties [280]. 
On the other hand, the different J’s would couple one another as the mag-
netic field deviates from the nanotube axis. The perpendicular component 
B⊥ = B0 = sin leads to the J coupling and the total carbon atoms in a primitive 
cell are included in the tight-binding calculations (details in [147,279]).
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FIGURE 6.1 
Geometric structures for (a) graphene and carbon nanotubes; (b) (10,10) and (18,0) nanotubes. 
Also shown in (b) is the relation between nanotube axis and magnetic field.
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Each carbon nanotube has many 1D energy subbands at zero field, which 
are defined by angular momenta of Jc,v’s, as shown in Figure 6.2. For a (P, P) 
armchair nanotube, a pair of linear valence and conduction bands, with 
Jc, v = P, intersects at EF, for example, those of Jc, v = 50 in a (50,50) nanotube 
(gray dotted curves in Figure 6.2a). There, they create a finite density of states 
(DOS) (Figure 6.4a) and thus behave as a 1D metal. The fact that the metallic 
behavior is not affected by the curvature effect can be identified from the peri-
odical boundary condition and the specific changes of the nearest-neighbor 
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FIGURE 6.2 
Band structures of (a) (50,50), (b) (90,0), (c) (91,0) and (d) (80,20) carbon nanotubes at various 
magnetic fields and with B0 = 0 and 40 T. Also shown in (a) is the band structure of a (100,100) 
nanotube at α = π/2 (orange curves), and in the insets of (b) and (d) are narrow energy gaps.
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hopping integrals [141]. That is, the Fermi-momentum states in armchair car-
bon nanotubes are sampled from the Dirac points of a graphitic sheet. In 
addition, the misorientation of 2pz orbitals only leads to a slight redshift in 
the Fermi momentum (kF), compared with 2/3 (in unit of π/Ix;Ix, the periodi-
cal distance along the nanotube axis). The higher/deeper energy subbands 
are doubly degenerate, as they correspond to Jc,v and Nc/2 − Jc, v simultane-
ously. They present parabolic dispersions near the band-edge state of kx = kF.

The radius and chiral angle can determine the energy gap and state degen-
eracy. (P, Q) carbon nanotubes, respectively, belong to narrow- and moder-
ate-gap semiconductors, and are characterized by (2P + Q = 3I & P ≠  Q) and 
2P + Q ≠  3I. The former and the latter, with energy gaps inversely proportional 
to radius and the square of radius, arise from the periodical boundary con-
dition and the curvature effect, respectively [141,280]. For example, the nar-
row-gap (90,0) and (80,20) nanotubes and the moderate-gap (91,0) nanotube, 
respectively, have Eg ∼  0.0005 α0 (Figures 6.2b and d) and 0.03 α0 (Figure 6.2c). 
In general, the low-lying valence and conduction bands in semiconducting 
nanotubes possess parabolic dispersions with double degeneracy.

State degeneracy, band gap and energy dispersions strongly depend on 
the direction and strength of a uniform magnetic field. When B is parallel 
to the nanotube axis, the angular momentum becomes Jc, v + ϕ /ϕ0 (magnetic 
flux ϕ  = π r2B0). The gapless linear bands of armchair nanotubes change into 
separate parabolic bands (black dotted curves in Figure  6.2a), that is, the 
metal-semiconductor transition occurs in the presence of ϕ. Furthermore, the 
magnetic flux destroys the double degeneracy in the higher/deeper energy 
subbands; that is, two subbands characterized by the angular momenta of 
Jc, v and Nc/2 − Jc, v are not identical to each other because of the magnetic 
splitting effect. Such effects are relatively prominent when the direction of 
the magnetic field approaches the nanotube axis. On the other hand, a non-
parallel magnetic field will result in the coupling of different Jc, v’s, which 
will be stronger at large r, B0 and α values. Specifically, a perpendicular 
magnetic field can break the state degeneracy, in which the splitting sub-
bands are symmetric around kx = 2/3 (green dotted curves). An armchair 
nanotube keeps the metallic behavior at α = π /2. Whether the intersecting 
linear energy bands become gapless parabolic ones depends on radius and 
field strength. For example, (50,50) and (100,100) nanotubes, respectively, 
exhibit linear and parabolic dispersions (green and orange dotted curves). 
Moreover, the B-induced effects on band structures are clearly revealed in 
non-armchair carbon nanotubes (Figure 6.2b through d).

Diverse relations exist between energy gap and magnetic field. Under a 
parallel magnetic field, energy gaps present a linear and nonmonotonous 
relation with a period of ϕ0, as clearly indicated in Figure 6.3. The Eg of an 
armchair nanotube grows with the increase of ϕ, reaches a maximum value 
at ϕ  = ϕ0 /2, and then recovers to zero at ϕ0 (black curve in Figure 6.3a). The 
metal-semiconductor is also revealed in the narrow- and middle-gap car-
bon nanotubes (black curves in Figure 6.3b and c) near small ϕ and ϕ0 /3 
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(or ϕ0 and 2ϕ0 /3). In addition, they might be absent in part of narrow-gap 
systems (inset in Figure  6.3d). Obviously, the periodical Aharonov–Bohm 
effect is presented in energy gaps of any carbon nanotube. It would be very 
difficult to observe this effect in the presence of a dominating perpendicular 
magnetic field, for example, Eg’s at large α’s. There are no simple relations 
between energy gaps and ϕ under nonparallel fields. As for the middle-
gap nanotubes (Figure 6.3c), the larger the α value, the higher the B0-field 
strength of the semiconductor-metal transition. Specifically, at α = 90°, both 
armchair and narrow-gap nanotubes keep the gapless feature (green curves 
in Figure 6.3b and d), that is, the metal-semiconductor transition does not 
occur during the variation of field strength. The predicted strong depen-
dence of energy gap on the strength and direction of the magnetic field and 
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Magnetic-flux-dependent energy gaps for (a) (50,50), (b) (90,0), (c) (91,0) and (d) (80,20) carbon 
nanotubes at various magnetic-field directions.
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nanotube geometry could be further verified by scanning tunneling spec-
troscopy (STS) measurements.

The special structures in DOS are greatly enriched by nanotube geometry 
and the magnetic-field direction, as shown in Figure 6.4. The 1D band-edge 
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states in parabolic and linear dispersions, respectively, create square-root 
asymmetric peaks and plateaus. All VHSs (van Hove singularities) belong 
to the former except for that near E = 0 in metallic nanotubes at zero field 
(gray solid curve in Figure 6.4a). For an armchair nanotube, a parallel mag-
netic field makes the plateau change into a pair of asymmetric peaks with an 
energy gap (black curve), and the number of intensity-reduced asymmetric 
peaks at other energies doubles. The energy spacing between two neighbor-
ing peaks declines as α grows (red, blue and green curves). Furthermore, they 
are merged together under a perpendicular field (green [orange] curve), in 
which there is a plateau structure (a symmetric peak) near E = 0 because of a 
pair of gapless linear (parabolic) bands (Figure 6.2a). Compared with metallic 
armchair nanotubes, the narrow-gap systems, as shown in Figure 6.4b and 
d, present almost the same structures except for a pair of very close asym-
metric peaks near the Fermi level at zero field (insets). However, there are 
more peak structures in the moderate-gap nanotubes (Figure 6.4c). On the 
experimental side, the zero-field DOS characteristics, including the asym-
metric peaks, energy spacings, metallic behaviors [207,208] and middle and 
narrow gaps [142], have been verified by STS measurements. The rich peak 
structures and the metal-semiconductor transitions due to a uniform mag-
netic field require further experimental verifications in DOS.

6.2  Magneto-Optical Spectra of Carbon Nanotubes

The standing waves on a cylindrical surface play a critical role in determining 
the available optical excitation channels. At zero field, they present well-behaved 
spatial distributions, with the forms of sine/cosine functions closely related to 
the angular momenta, as revealed in Figure 6.5a through c. For an armchair 
nanotube, the linear energy bands possess a uniform distribution along the azi-
muthal direction (gray lines in Figure 6.5a), and the higher-energy bands corre-
spond to the normal oscillations of one and two wavelengths (Figure 6.5b and c). 
Such features are independent of kxs and remain the same in the presence of a 
uniform magnetic field, leading to the identical optical selection rule at zero and 
parallel magnetic fields. In addition, these two factors only create rigid shifts in 
azimuthal distributions. As to the nonparallel magnetic fields, normal standing 
waves are changed into distorted ones, perpendicular ones in particular (green 
curves in Figure 6.5a through c). However, the latter could be regarded as a 
superposition of the J-decoupled normal modes, as a perpendicular field creates 
the coupling of distinct angular momenta. It is relatively easy to observe the cou-
pling effect in larger nanotubes. For example, an armchair (100,100) nanotube 
exhibits highly distorted standing waves with more zero points (orange curves 
in Figure 6.5e), corresponding to the gapless parabolic energy bands near EF and 
the oscillatory ones (Figure 6.2a).
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The electric polarization is assumed to lie on the nanotube surface (paral-
lel to the nanotube axis), as considered in layered graphites (Equations 2.37 
and 2.38). All the carbon nanotubes only exhibit asymmetric absorption 
peaks in the square-root form, as shown in Figure 6.6. The available excita-
tion channels arise from the occupied valence subbands and the unoccupied 
conduction ones, and have the same angular momentum. The selection rule 
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of Δ J = Jv − Jc = 0 is determined by the J-decoupled standing waves. This rule 
could be further applied to any magnetic field, even with the coupling of J’s, 
by using the superposition of distinct components. At zero field (gray curve 
in Figure 6.6a), an armchair nanotube does not have the threshold absorp-
tion spectrum as the vanishing velocity matrix elements (Equation 2.38) 
prevent interband excitations due to a pair of linearly intersecting energy 
bands. The featureless optical spectrum is also revealed in monolayer gra-
phene (Figure 3.3). The absorption peaks are closely related to the band-edge 
states of the parabolic valence and conduction bands, that is, the absorption 
frequency is their energy spacing. In effect, the weaker the energy disper-
sion, the stronger the asymmetric peak.

The number, frequency and intensity of absorption peaks are very sen-
sitive to the magnetic field. The threshold absorption peak of an armchair 
system is generated by a parallel magnetic field (triangle related to the black 
curve in Figure 6.6a). The number of other absorption peaks becomes double 
(two rectangles) and their intensities grow weak, directly reflecting the split-
ting of the J-dependent degeneracy (Figure 6.2a). All the absorption peaks 
agree with the Δ J = 0 rule. This rule is also suitable for most peak structures, 
even when a magnetic field gradually deviates from the nanotube axis. The 
first peak declines quickly and two neighboring peaks approach each other 
(red and blue curves): the former disappears and the latter changes into a 
single peak under a perpendicular magnetic field (green curve). It should be 
noted that the absence of a threshold peak at α = π /2 is independent of the 
radius of the armchair nanotube and field strength. On the other hand, there 
exists an extra low-frequency absorption peak (circle in red, blue and green 
curves), mainly owing to the vertical excitations of the first (second) valence 
band and the second (first) conduction band (Figure 6.2a). This peak does not 
satisfy the selection rule of Δ J = 0, but it could be identified from the coupling 
of the neighboring angular momenta.

The main features of absorption peaks strongly depend on the geometric 
structures of carbon nanotubes. The narrow-gap systems exhibit a zero-field 
threshold peak at a very low frequency (insets in Figure 6.6b and d). For a 
non-perpendicular B0-field, they might have merged double-peak structures 
(arrows in Figure  6.6b), reflecting the small energy spacings between two 
neighboring parabolic subbands with high DOSs (Figure 6.3b). In addition, 
an extra prominent magneto-absorption peak of Δ J ≠  0 is revealed in all car-
bon nanotubes at α ≠  0° (circles in Figure 6.6) because of the coupling of dis-
tinct angular momenta. As for the moderate-gap nanotubes, there are more 
prominent absorption peaks (Figure  6.6c) arising from the rich, low-lying 
parabolic subbands (Figures 6.2c and 6.3c).

The dependence of absorption frequencies on the magnetic-field direc-
tion is important in understanding the characteristics of prominent peaks, 
mainly owing to the composite effects arising from the splitting and cou-
pling of angular momenta. For example, within the frequency range of 
ω ≤  0.25γ0, all the magneto-absorption peak frequencies monotonously 
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grow or decline as the magnetic field gradually deviates from the nano-
tube axis, as clearly shown in Figure 6.7. This is related to the band-edge 
state energies of the split subbands. The transition intensities will undergo 
a drastic change during the variation of α, so that absorption peaks might 
disappear or come to exist. The threshold peak (triangle) becomes absent in 
the metallic (narrow-gap) carbon nanotubes under a large α, for example, 
α= 86° for the (50,50) nanotube in Figure  6.7a. However, it could survive 
in the middle-gap systems for any angles (Figure 6.7b). Its disappearance 
and existence, respectively, correspond to the intersecting linear bands and 
the gapped parabolic bands (green curves in Figure 6.2a and c). An extra 
peak (circle), reflecting the significant coupling effect, is revealed at a large 
enough α(∼ 3.6°−5.4°). Most magneto-absorption peaks (rectangles) pres-
ent splitting behavior. Whether they are merged together or become absent 
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depends on α. Up to now, the splitting peaks due to a parallel magnetic field 
have been confirmed by optical measurements [149]. The predicted strong 
dependence on the magnetic-field direction and nanotube geometry is wor-
thy of further examination.

6.3  Magneto-Electronic Properties of Graphene Nanoribbons

Two typical kinds of achiral graphene nanoribbons, with the hexagons 
normally arranged along the edge structure, are chosen for a model study. 
Zigzag and armchair graphene nanoribbons, respectively, correspond to 
armchair and zigzag carbon nanotubes. Their widths can be characterized by 
the number of zigzag and dimer lines (Ny) along the transverse y-direction, 
respectively (Figure 6.8a and b). The low-energy band structures are evalu-
ated from the 2Ny tight-binding functions of 2pz orbitals. Such functions are 
combined with the Peierls phases to explore the magneto-electronic and 
optical properties. For a zigzag ribbon, the Peierls tight-binding Hamiltonian 
matrix can be expressed as
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FIGURE 6.8 
Geometric structures of (a) zigzag and (b) armchair graphene nanoribbons. Ny is the number 
of zigzag or dimer lines.
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where the Peierls phase difference ΔG1 = −πϕ(j/2 − [Ny + 1]/2).
As to an armchair ribbon, the Hamiltonian matrix is given by
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where ΔG1 = πϕ(j/2 − [Ny + 1]/2), ΔG2 = −πϕ/2(j/2 − 1 − [Ny]/2) and ΔG3 = πϕ
/2[(j + 1/2)−1 − [Ny]/2].

The dimension of the Hamiltonian stays the same, even in the presence 
of a perpendicular magnetic field, while it is largely enhanced for layered 
graphenes [36] or graphites (Chapter 2). The strong competition between the 
finite-size confinement and magnetic quantization will greatly diversify the 
essential properties.

The finite-size effect directly induces plenty of 1D energy subbands, as 
shown in Figure 6.9. Each subband does not have a transverse quantum num-
ber under the open boundary condition; furthermore, the Jc,v index only repre-
sents the arrangement order measured from the Fermi level. This is one of the 
most important differences between graphene nanoribbons and nanotubes. 
Electronic structures strongly depend on the edge structures. An Ny = 100 zig-
zag nanoribbon exhibits band-edge states near kx = 2/3 (Figure 6.9a), similar to 
those in a (50, 50) armchair nanotube (Figure 6.2a). All the low-lying energy 
subbands possess parabolic dispersions except for the first pair with partially 
flat ones at larger kx’s. The latter belong to the edge-localized states (discussed 
later). On the other hand, the band-edge states are situated at kx = 0 for an arm-
chair nanoribbon, for example, Ny = 180 in Figure 6.9e. Each energy subband 
has no double degeneracy except for the spin degree of freedom. The energy 
gap, which is determined by the parabolic valence and conduction subbands 
of Jc, v = 1, declines with the increase of ribbon width. The width-dependent 
energy gaps have been confirmed by STS measurements [164–167].

The energy dispersions are dramatically changed by magnetic quanti-
zation. The energy spacings of a zigzag nanoribbon become non‑uniform 
during the variation of B0, as shown for Ny = 100 in Figure  6.9b at B0 = 40. 
When the field strength is high enough, the lower-energy 1D parabolic 
subbands will evolve into composite subbands (QLLs) with parabolic and 
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dispersionless relations simultaneously, for example, Jc, v = 2 and 3. A suf-
ficiently large nanoribbon width, being comparable to or longer than the 
magnetic length (lB), accounts for the creation of QLLs. With a further 
increase of field strength, the dispersionless kx-ranges become wider, and 
the higher-energy subbands might be transformed into QLLs, such as 
the magneto‑electronic structures in Figure 6.6c and d at B0 = 60 and 80 T, 
respectively. Specifically, the initial energies of QLLs will approach those 
of Landau levels LLs in monolayer graphene (red lines; the second term 
in Equation 3.2). These clearly indicate that electronic states are gradu-
ally quantized into Landau modes from lower-energy subbands with the 
increasing B0 as they have smaller kinetic energies. It is relatively easy to 
observe dispersionless Landau states under enhanced field strength and 
the extension of nanoribbon width. The formation centers of QLLs, respec-
tively, correspond to kx = 2/3 and 0 for zigzag and armchair nanoribbons 
(Figure 6.9b and f at 40 T). It should be noted that two neighboring subbands 
of the latter will gradually approach each other with the increase of B0, cov-
ering the gradual couplings of (Jc = 1, Jv = 1), (Jc = 1, Jv = 1) and (Jv, Jv + 1). As a 
result, the magneto-electronic structures of armchair nanoribbons might 
display splitting of the QLLs. There exist the extra band-edge states and 
energy gap is vanishing under a strong magnetic field.

The DOSs of 1D energy subbands present a lot of asymmetric peaks in the 
square-root form, as clearly indicated in Figure 6.10. The peak height, which 
is inversely proportional to the square root of subband curvature, grows as 
state energy increases. It is remarkable that the peak spacings are almost uni-
form in a zigzag system (Figure 6.10a), but non‑uniform in an armchair one 
(Figure 6.10e). Specifically, the former has a pair of merged peaks near E = 
0 or an obvious symmetric peak there (inset in Figure 6.10a). The low-lying 
asymmetric peaks become delta-function-like symmetric peaks when the 
QLLs can be created by a B0-field (Figure 6.10b through d and f). Furthermore, 
their heights decline quickly with the increase of QLL energy, reflecting the 
diminishing of the dispersionless kx-ranges (Figure 6.9). Under the increasing 
field strength, all the peak energies are enhanced for zigzag systems, while 
a simple dependence is absent for armchair ones [172,173]. As a result, the 
QLLs of the former will recover to become LLs of monolayer graphene if the 
magnetic field plays a dominating role (Figure 6.9b through d). The latter 
could exhibit the complex structures covering single and double peaks.

6.4  Magneto-Optical Spectra of Graphene Nanoribbons

When electrons are confined in finite-width nanoribbons, their spatial dis-
tributions reveal them as regular standing waves (Figure 6.11). The oscilla-
tory patterns, with the specific number of nodes, are very sensitive to edge 
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Density of states corresponding to electronic structures in Figure 6.9.
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structures, sublattices, state energies and wave vectors. They are quite dif-
ferent from those in carbon nanotubes (Figure 6.4), and so too are the optical 
properties. For zigzag nanoribbons, the wave functions can be decomposed 
into subenvelope functions on the A and B sublattices at the odd and even 
zigzag lines (Figure 6.11a through c). The spatial distributions of wave func-
tions present the alternative change between symmetric and anti‑symmetric 
forms as the subband index increases (more detailed relations in [41]). On the 
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other hand, those of armchair systems lie at the 3m-, (3m + 1)- and (3m + 2)-th 
dimer lines of the A and B sublattices (Figure  6.11d through f). There are 
two kinds of unique relations. For a specific subband, the subenvelope func-
tions on two sublattices possess the same phase or the phase difference of π. 
Furthermore, the valence and conduction subbands, with the identical index, 
exhibit a similar phase relation in the subenvelope functions of the A (B) sub-
lattice. It is very significant that the special relations in wave functions are 
edge-dependent and thus dominate the distinct selection rules. However, 
the main features of the angular-momentum-dominated standing waves in 
carbon nanotubes (Figure 6.5) are independent of the chiral angle.

A dominating magnetic field can thoroughly alter the characteristics of wave 
functions, regardless of the edge structures. In general, the standing waves 
are changed into well-behaved LL wave functions, as clearly indicated in 
Figure 6.12a through e for a zigzag system. The kx = 2/3 states present the sym-
metric or anti‑symmetric distributions around the nanoribbon center. They 
are identical to those of monolayer graphene (Figure 3.4b) except that the first 
pair of QLLs possesses edge-localized distributions (Figure 6.12c and d). With 
the different wave vectors, the spatial distributions, revealed in Figure 6.12f 
through j, become asymmetric. Furthermore, the number of zero points might 
be lost as the wave vectors are far away from 2/3. Apparently, the competition 
between magnetic quantization and finite-size confinement will lead to coex-
istent behavior, in which LL modes and standing waves, respectively, corre-
spond to low- and high-lying electronic states. This unusual feature could be 
observed by changing the B0-field strength or nanoribbon width.

Graphene nanoribbons possess edge-dependent optical selection rules, as 
shown in Figure 6.13. The optical vertical excitations arise from the inter-
band transitions of the Jv-th valence band and the Jc-th conduction band. For 
zigzag nanoribbons, a lot of asymmetric absorption peaks in the square‑root 
form are characterized by the selection rule of Δ J = 2I + 1 (Figure 6.13a). The 
strong absorption peaks might come from the multichannel excitations 
simultaneously, especially the higher-frequency ones. This rule could be 
directly derived from the non-vanishing velocity matrix elements (Equation 
2.38) by using the special relations in the subenvelope functions (detailed 
calculations in [41]). On the other side, the available excitation channels in 
armchair systems agree with the ΔJ = 0 rule, so the number of absorption 
peaks is reduced. The valence and conduction bands, with the identical J, 
could also be revealed as the prominent absorption peaks of any carbon 
nanotubes (Figure 6.6), while the angular momentum is conserved during 
the vertical transitions.

The unusual transformation between the edge- and QLL-dominated 
absorption peaks could be presented in the variation of magnetic field 
strength (or nanoribbon width), as clearly shown in Figure 6.14a through c. 
The QLL wave functions have well-behaved spatial symmetry, so that the 
effective optical transitions associated with the symmetric absorption peaks 
are governed by the QLL-dependent selection rule. At a lower frequency, 
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the magneto-absorption peaks of Δ J ≠ ± 1 are absent or become very weak; 
furthermore, the Δ J = ± 1 rule is equivalent to the Δ n = ± 1 rule in mono-
layer graphene (red curve in Figure 6.14a). This is independent of edge struc-
tures; that is, the number, frequency and intensity of prominent absorption 
peaks are identical for zigzag and armchair nanoribbons with almost the 
same width (Figure  6.14a and d). Such peaks have a symmetric form and 
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stronger intensities at high field strengths (Figure 6.14c and d). In addition, 
some extra lower-absorption peaks are revealed by the Jc,v = 1 QLLs of the 
zigzag nanoribbons (e.g., blue circles in Figure 6.14a) because of the impure 
LL wavefunctions (Figure 6.12c and d), and the splitting QLLs of the arm-
chair nanoribbons could create the double-peak structure (blue circles in 
Figure 6.14d). Concerning the higher-frequency asymmetric peaks (the right-
hand side of the gray-dashed vertical line), there are more prominent struc-
tures, especially for complex absorption peaks in armchair nanoribbons 
(Figure  6.14d). They originate from the band-edge states of the parabolic 
valence and conduction bands, being characterized by the strong competi-
tion of the edge- and QLL-dependent selection rules.

The complicated relations between lateral confinement, magnetic quantiza-
tion and dimension deserve closer investigation. They could be understood 
from the initial six prominent magneto-absorption peaks, as clearly revealed 
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in Figure  6.15, for their B0-dependent frequencies. Zigzag nanoribbons 
exhibit monotonic magnetic field dependence (open circles in Figure 6.15a). 
In general, peak frequencies grow with the increasing B0 in the absence of a 
specific relation. They are very different from those of monolayer graphene 
(red dots) except for those with sufficiently high field strength. At a low B0, 
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the lateral confinement (black circles) dominates the frequency, intensity 
and form of absorption peaks, for example, the higher frequencies compared 
with 2D results. The magnetic quantization will also be seriously suppressed 
when the field strength is over a critical magnetic field (red circles). The num-
ber of prominent peaks remains the same during the variation of B0, as the 
Δ J = odd-induced peaks (Figure 6.13a) cover the QLL-created ones. However, 
absorption peaks in armchair systems might come to exist or disappear fre-
quently as B0 gradually increases (Figure 6.15b), being closely related to QLL 
splitting and the high competition between two selection rules. Obviously, 
a simple B0-dependence of magneto-absorption frequencies is absent. The 
zero-field absorption peaks of Δ J = 0 (black circles; Figure 6.13b) are not con-
sistent with the Δ J = 0 rule due to the QLLs, so their intensities decay rapidly 
and vanish after the critical B0’s. On the other hand, the new peaks initiated 
by strong magnetic quantization might appear in the double-peak structures 
(two close red-circled curves) or the merged ones. They may behave as inter-
LL peaks in 2D monolayers (red dots) only at higher field strengths. Up to 
now, there have been no optical or magneto-optical measurements of gra-
phene nanoribbons. However, the theoretical predictions of edge- and QLL-
dominated selection rules could be verified by optical spectroscopies, as has 
been done for graphite, layered graphenes and carbon nanotubes.

6.5  Comparisons and Applications

The distinct stacking symmetries in three kinds of layered graphites have 
created diverse and novel physical phenomena. The critical differences cover 
electronic and optical properties in the absence/presence of magnetic quan-
tization. The AA-, AB- and ABC-stacked graphites, respectively, have one, 
two and one pairs of π-electronic valence and conduction bands, in which 
the kz-dependent bandwidths are ∼1 eV, ∼0.1 − 0.2 eV and ∼0.01 eV, and the 
band-overlap widths near the Fermi level behave similarly. The carrier den-
sity of free electrons and holes is highest in simple hexagonal graphite, while 
it is lowest in rhombohedral graphite. The band structures of these three 
systems could be regarded as the 3D vertical Dirac cone, the composite of 
monolayer- and AB-bilayer-like cones and the spiral cone structure. The 3D 
energy dispersions determine the DOS characteristics, such as the semime-
tallic behavior and VHS-induced distinct structures. The band-dominated 
optical spectra exhibit dimension- and stacking-dependent characteris-
tics at low and middle frequencies, including the frequency, number, form 
and spectral width of the special absorption structures. The main features 
of zero-field band structures are directly reflected in the magnetic Landau 
subbands (LSs). In general, the band-edge states of 1D parabolic LSs are 
shown as many asymmetric peaks in DOS. The AA system exhibits a lot 



108 Electronic and Optical Properties of Graphite-Related Systems

of valence and conduction LSs intersecting with the Fermi level under spe-
cific energy spacings, while the ABC system only presents one crossing LS 
of nc, v = 0. Both of them possess monolayer-like subenvelope functions and 

B0 -dependent energy spectra. However, the AB system has two groups 
of LSs with normal and perturbed modes, leading to the coexistence of 
crossing and anti-crossing behaviors. Only the initial two LSs of the first 
group cross the Fermi level. The B0-dependence of LS energies is sensitive to 
the dimension-induced kz, such as the square-root and linear dependences 
at kz = 0 and π (K and H points), respectively. Furthermore, the magnetic 
subenvelope functions might dramatically change during the variation 
of kz. Specifically, even without any crossings and anti-crossings, the rich 
and unique magneto-optical spectra are revealed by well-behaved LSs in 
AA-stacked graphite, including the intraband and interband inter-LS ver-
tical excitations, Fermi-momenta-induced absorption peaks, non‑uniform 
peak intensity, multichannel threshold peak, intraband two-channel peaks 
and interband double-peak structures at distinct frequency ranges, discon-
tinuous B0-dependence of the initial interband channel, and the beating 
feature related to the vertical Dirac cones. Magneto-absorption peaks agree 
with the monolayer selection rule of Δ n = ± 1 for AA-, ABC- and AB-stacked 
graphites. The second stacking can create monolayer-like characteristics, 
such as interband transitions, non-composite symmetric peaks due to the 
same contribution of K and H points, almost uniform intensity and pure 

B 0 -dependence of absorption frequency. As for AB-stacked graphite, there 
are four categories of interband inter-LS excitations arising from the same 
or different groups. The strong asymmetric peaks might appear at identical 
frequency ranges and thus exhibit very complex absorption structures. Their 
main features are rather different for the K- and H-point vertical excitations, 
respectively, leading to bilayer- and monolayer-like absorption frequen-
cies. Moreover, some extra peaks come to exist under the LS anti-crossings. 
The aforementioned differences could be examined using the experimental 
measurements of angle-resolved photoemission spectroscopy (ARPES), STS 
and optical spectroscopies on energy bands; DOS; and absorption spectra, 
respectively.

The dimensional crossover of the essential properties occurs in AA- and 
AB-stacked layered graphenes as the layer number gradually grows. The 
N-layer AA stacking has a vertical multi-Dirac cone structure that is distrib-
uted within the kz-dependent bandwidth of simple hexagonal graphite. It is 
a semimetal under the overlap of valence and conduction bands. However, 
an optical gap is induced in an N-even system, as the absorption spectrum 
is only a combination of N intra-Dirac-cone vertical excitations. Under a per-
pendicular magnetic field, the magneto-optical gap comes from a forbidden 
transition region related to the intragroup LLs, and it is greatly enhanced by 
the increasing field strength. The magneto-threshold channels dramatically 
change with the increasing B0, as their intensities are about half that of the 
others. The low-lying Dirac-cone structure, magnetically quantized states, 
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special structures in DOS and absorption peaks are expected to approach 
those of AA-stacked graphite for N > 30. As for AB-stacked graphene, the 
band structure of an N-odd system resembles a hybridization of a massless 
Dirac cone and massive parabolic dispersions, while that of an N-even system 
consists of only pairs of parabolic subbands. When N is very large, the mono-
layer- and bilayer-like states are expected to correspond to the H and K point 
in Bernal graphite, respectively. The excitation channels are only allowed 
between the respective monolayer-like subbands or bilayer-like subbands; 
the magneto-optical selection rule is also applicable to all inter-LL transi-
tions. With the increase of layer number, the LL anti-crossings happen more 
frequently compared to those in Bernal graphite. Electron-hole asymmetry-
induced twin-peak structures are revealed in both multilayer and bulk sys-
tems. However, in a magneto-optical spectrum, the measured profiles of the 
B0-dominated peaks, including threshold channel, intensity, spacing and 
frequency, could be used to distinguish the stacking layer, configuration and 
dimension. On the other hand, the dimensional crossover is rarely observed 
in ABC stacking, mainly owing to the distinct lattice symmetries in 3D and 2D 
systems. For bulk graphite, a primitive unit cell, rhombohedron, has a bipar-
ticle lattice symmetry. The low-energy electronic properties are described by 
the 3D anisotropic spiral Dirac cones. Specifically, the ABC-stacked graphene 
possesses surface-localized and sombrero-shaped subbands, irrelevant to 
rhombohedral graphite. The zero-field absorption spectrum is contributed 
by the N × N excitation channels of the N pairs of energy bands, in which 
the low-frequency region is dominated by the surface-localized states. The 
magneto-optical spectrum consists of N × N groups of inter-LL absorption 
peaks, each of which displays characteristic B0-dependence regarding the 
frequency, intensity and number. Furthermore, the frequent anti-crossing of 
LLs due to the sombrero-shaped subbands leads to extra peaks that have 
abnormal relations with field strength.

The significant effects due to lateral quantum confinement and magnetic 
field clearly illustrate the dimension-diversified essential properties. The 
periodical boundary condition induces the decoupled angular-momentum 
states in carbon nanotubes, but the open boundary condition cannot create 
a transverse quantum number in a graphene nanoribbon. The former pos-
sesses sine/cosine standing waves along the azimuthal direction, regardless 
of radius and chirality. However, the unusual standing waves in the latter 
depend on edge structure, A and B sublattices and even zigzag and dimer 
lines. The distinct characteristics of subenvelope functions dominate the 
diverse selection rules, the conservation of angular momentum in carbon 
nanotubes, the same index of valence and conduction subbands in armchair 
nanoribbons and the index difference of odd integers in zigzag nanoribbons. 
All the special structures in DOS and absorption spectra are presented in 
the asymmetric peaks of the square-root form. The magnetic quantization 
in cylindrical nanotubes is mainly determined by the field direction and 
strength. A parallel magnetic field leads to the shift of angular momentum 
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or the destruction of double degeneracy, and the periodical Aharonov–Bohm 
effect in energy dispersions, band gaps and absorption peaks. However, the 
discrete angular momenta are coupled with one another in the presence of 
a perpendicular magnetic field, and QLLs rarely survive in cylindrical sys-
tems except for in very high field strengths and large radii. Apparently, opti-
cal spectra are dramatically altered by the magnetic field, which can cause, 
for instance, more splitting peaks with the same rule and some extra peaks 
without the optical rule under parallel and perpendicular magnetic fields, 
respectively. On the other hand, QLLs could exist in graphene nanoribbons if 
the width is sufficient for localized oscillatory distribution. Their dispersion-
less kx-ranges can transform the asymmetric peaks of the DOS and absorp-
tion spectrum into symmetric ones. Moreover, the latter and the former, 
which correspond to the QLL- and edge-dependent selection rules, respec-
tively, appear at the lower and higher frequencies.

Graphite, as well as graphite intercalation compounds, has been extensively 
developed for various applications for a long time as a result of its unique 
properties. Pristine graphite is a suitable precursor in the production of other 
carbon-related materials. It is the most stable allotrope of carbon. The cova-
lent bondings between C atoms in the same layer can generate graphite’s 
high temperature stability and excellent electrical and thermal conductivity. 
Owing to its superior mechanical properties, graphite fibers are frequently 
utilized for reinforced composite materials [283–286]. Graphite intercala-
tion compounds, with their significant chemical bondings between adatoms 
and carbons, exhibit wide applications in electronics [287,288], energy stor-
age [289] and electrochemistry [290,291]. Its most common usage in industry 
is as a low-cost electrode [292,293]. The high free electron (hole) density is 
generated by the intercalation of metal atoms (molecules) [282]. The metal-
lic compounds can be used as superconductors with high transition tem-
peratures, for example, 11.5 K for C6Ca and C6Yb [12,299,300]. They have also 
been applied in the production of photoelectrocatalytic, electrochemical 
and biomedical sensors [294–298]. Graphite composites display high con-
ductivity for microbial fuel cell applications in electrochemistry [301–303]. 
The field-effect transistor (FET) sensor based on graphite oxide nanoparticle 
composites presents a low-cost advantage and possesses high selectivity and 
excellent stability [304,305].

Graphene-related materials have displayed high potential for elec-
tronic, photonic and optoelectronic applications, such as touchscreen 
panel devices [307,308], light-emitting diodes (LEDs) [309–313], solar cells 
[314–317], photodetectors [318–325] and photo-modulators [326,327]. The 
direct application of graphene in FETs is suppressed owing to its zero-gap 
nature. However, bilayer graphene can open a sizable and tunable band-
gap by applying a gate voltage, which is appropriate for making large-area 
graphene FETs with extremely thin, short, high-speed channels [328–331]. 
The high transparency and flexibility of graphene could be utilized to 
design thin, light and delicate devices [309,310]. Graphene-based optical 
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modulators possess great advantages in terms of a low operation volt-
age, fast modulation speed, small footprint and large optical bandwidth, 
compared with semiconductor modulators [326,327]. By tuning the Fermi 
level or the free‑carrier concentration of graphene sheets, the modulator 
is operated over a broad wavelength range. As a result of the strong and 
rich interband optical transitions, the graphene detectors are suitable for 
application within a very wide energy spectrum, covering ultraviolet, vis-
ible, infrared and terahertz frequency ranges [326,327]. When layered gra-
phenes are further doped with adatoms or molecules, they might change 
into gap-modulated semiconductors or metals. Specifically, graphene 
oxides and hydrogenated graphenes possess adatom-modulated energy 
gaps in a wide range of 0 < Eg < 4.0 eV, depending on the concentration and 
distribution of adatoms [332,333]. The tunable and controllable electronic 
properties make them potential candidates for applications such as FETs 
[334–336], supercapacitors [337,338], sensors [339,340], photovoltaic devices 
[341–343] and light-emitting devices [343,344]. The alkali- and Al-induced 
high free carrier density might have high potential in future technologi-
cal applications, for example, high-capacity batteries [345,346] and energy 
storage [347,348].

Different carbon nanomaterials have been used for a wide range of appli-
cations in electronic devices, such as 1D carbon nanotubes [306,351–353] 
and graphene nanoribbons [6,306], 2D few-layer graphenes [306] and 3D 
graphites [12,287–289,292–300]. Up to now, FETs based on semiconducting 
nanotubes and nanoribbons have been widely developed, mainly owing 
to their advantage of high mobility under low scatterings. In carbon nano-
tubes, the intrinsic 1D electronic structures, with the decoupled states of 
angular momenta, dominate the 1D quantized electrical properties, includ-
ing the radius-dependent resistance, capacitance and inductance, which are 
diameter-dependent and responsible for the nonmonotonic dependence of 
the electrical mobility [349]. The first FETs made of carbon nanotubes were 
reported in 1998 [351,352], which have superior electrical properties in con-
ducting channels through gate-voltage modulation. The nanoscaled carbon 
nanotubes are responsible for low scatterings and allow the gate to control 
the potential of the channel in ultrathin FETs, while suppressing short-chan-
nel effects [352,353]. Moreover, semiconducting nanotubes have wide appli-
cations in optoelectronic devices, such as electroluminescent light emitters 
[354,355], supercapacitors [356] and photodetectors [322–324]. In carbon nano-
tube FETs, electrons and holes confined on the cylindrical surface are driven 
toward each other by applying an appropriate source-drain bias voltage. The 
recombination of the two types of the excited carriers (electrons and holes) 
emits electroluminescence, and the photon-emission process is extensively 
utilized in LEDs [357–359]. The application of photodetectors is based on 
the electric current generated by the resonant excitations. On the other side, 
metallic carbon nanotubes could serve as high-performance interconnects in 
integrated electronic devices [360,361].
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Semiconducting graphene nanoribbons could be directly used in FETs 
[6,362,363], as their electronic states are confined in a narrow width and 
have obvious energy spacings (gaps) [365,366]. Edge structures and ribbon 
widths lead to different 1D electronic and optical properties, for example, 
the strong dependence of wave function on the edge or center position. With 
the decreasing ribbon width, the carrier mobility is degraded by the edge 
boundary, while the potential barrier is enhanced for the conducting chan-
nels. The on/off ratio is improved for narrow ribbons when the temperature 
is sufficiently lowered [6,363,364]. Another promising application of gra-
phene nanoribbons is polymer composite and electrode material for batteries 
[367–369] and supercapacitors [374–376]. The synthesis of graphene nanorib-
bon composite has produced an effective component to improve the electro-
chemical stability and enhanced specific capacity of electrode materials.
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7
Concluding Remarks

This book presents a systematic review of the essential properties of simple 
hexagonal, Bernal and rhombohedral graphites. The generalized tight-bind-
ing model and gradient approximation method are developed to explore the 
electronic and optical properties under magnetic quantization. Furthermore, 
the effective-mass approximation can provide qualitative pictures and semi-
quantitative results. A thorough comparison is made between 3D graphite, 2D 
graphenes, 1D graphene nanoribbons and carbon nanotubes by covering the 
dependence on the layer number, stacking configuration, dimension, width/
radius, edge/chirality and boundary condition. This is useful in understand-
ing dimensional crossover behavior. The calculated results agree with those 
from other theoretical calculations and are validated by experimental mea-
surements, while most of the predictions require further detailed examina-
tions. The theoretical framework is useful in promoting future studies on 
other layered materials, for example, Si- [177,377], Ge- [378,379], Sn- [385], P- 
[181,381] and Bi-related 2D and 3D materials [386]. Specifically, the general-
ized tight-binding model is suitable for solving critical Hamiltonians with 
multi‑orbital bondings, spin-orbital couplings, interlayer atomic interactions, 
and external electric and magnetic fields [174–177,179–181]. This model could 
be combined with the single- and many-particle theories to comprehend 
other physical properties, such as Coulomb excitations [59,371,373] and trans-
port properties [372].

The intralayer and interlayer atomic interactions of 2pz orbitals account for 
the diverse essential properties in layered graphites. AA-stacked graphite 
has the highest density of free electrons and holes (the largest band overlap), 
the widest energy dispersions along k̂z, vertical Dirac-cone structures and 
many Landau subbands (LSs) that cross the Fermi level. These directly reflect 
the highest stacking symmetry, or the strongest interlayer interactions. The 
optical spectrum presents a shoulder structure and a prominent plateau 
structure at low and middle frequencies, respectively. Due to the unusual 
magnetic quantization, one group of valence and conduction LSs can create a 
multichannel threshold peak, some intraband two-channel peaks and many 
interband double-peak structures with beating phenomena. The unique 
oscillational magneto-absorption spectra have never been predicted or iden-
tified in previous studies on any materials. On the other hand, layered gra-
phenes exhibit more low-frequency shoulder structures, and optical gaps in 
N-even cases. The finite-layer confinement effect almost vanishes for N > 30; 
that is, AA-stacked graphenes and graphite possess the same optical spectra 
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at that point. The magneto-absorption peaks have a symmetric structure and 
a uniform intensity. The threshold intraband peak is non-well-behaved in 
the B0-dependence, and some initial interband peaks are absent. These are 
closely related to the quantized Landau levels (LLs) from the multi-Dirac 
cones. It is also noted that all absorption peaks due to LLs and LSs agree with 
the selection rule of Δ n = ±, 1, and they all possess B 0-dependences except 
for the multichannel ones.

Bernal graphite is intriguing for studies of massless and massive Dirac 
quasiparticles. The research interest in 2D graphenes is based on the proper-
ties of bulk graphite, which are deduced to represent the coexistence of 2D 
monolayer and bilayer essential properties at different kz wave vectors. Both 
Bernal graphene and graphite exhibit the optical response of Dirac fermions 
regardless of external fields. The band structure displays a massless Dirac-
like behavior in the vicinity of the H point, where the in-plane dispersion is 
linear and doubly degenerate to reflect the two isolated graphene sheets in 
the primitive unit cell. On the other hand, the in-plane energy dispersions 
near the K point resemble massive Dirac-like behavior, which is specific to 
AB-stacked bilayer graphene. These monolayer-like and bilayer-like energy 
dispersions have indeed been observed by angle-resolved photoemission 
spectroscopy (ARPES) [71–75]. The field evolution of the 1D LSs is depicted 
in the Peierls tight-binding model. Under a strong magnetic field, the cross-
ing of the low-lying LSs near the Fermi level gives rise to the change of 
semimetallic Bernal graphite into a zero-gap semiconductor. In the scale of 
B0, two series of square-root divergent peaks with linear and square-root 
dependences are verified by scanning tunneling spectroscopy (STS), and 
these peaks account for the monolayer-like and bilayer-like Landau states 
that accumulate at the band edges of the LSs at the K and H points, respec-
tively. Furthermore, depending on the curvatures of the LSs, the measured 
intensities of their own respective peaks are consistent with the theoretical 
calculations. The magneto-optical properties elucidated in the framework of 
the tight-binding model reveal far more significant results than the results 
derived from a simplified effective-mass approximation. This provides clar-
ity to the information on the graphene-like properties in graphites and true 
epitaxial graphenes.

In the vicinity of the H and K points, the inter-LS channels are the domi-
nant contributors to the magneto-absorption spectrum, the spectral inten-
sity of which is determined by the density of states (DOS) intensity and the 
dipole transition probability. The monolayer-like and bilayer-like absorption 
spectra are predicted to coexist in the bulk spectrum following the char-
acteristic magnetic field frequency dependences ∝ B0  and ∝B0. The mea-
sured Fermi velocity can be used to interpret γ0 and γ1 from the H-point and 
K-point channels; the deduced values in graphite match those in few-layer 
graphenes. Infrared magneto-absorption spectroscopies have confirmed the 
splitting of the absorption peaks for optical transition channels near the K 
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and H points. However, the observability of the peak splittings in optical 
spectroscopy depends on the competition between the magnetic field, ambi-
ent temperature and experiment resolution. These main features are very 
useful in identifying the stacking configurations and dimensionality of 
systems from experimental measurements. The splitting at the K point is 
attributed to electron-hole asymmetry, reflecting the inherent complexity 
of the full interactions in the Slonczewski–Weiss–McClure (SWM) model. 
However, the splitting at the H point is still under debate as it does not result 
from Dirac-cone asymmetry but might originate from spin-orbital coupling, 
the anti-crossing of LSs or parallel magnetic flux. These results require a 
more elaborated model and better experimental verifications. In addition, the 
inconspicuous peaks, coming from the band-edge states of the anti-crossing 
LSs near the H point, could possibly be observed with the extra peak intensi-
ties enhanced by the degree of the hybridization of the LSs.

The ABC-stacking configuration has different point-group symmetries for 
the corresponding 2D and 3D structures, leading to distinct characteristics 
of electronic properties and optical spectra. For example, the massless Dirac 
quasiparticles are preserved in ABC-stacked graphite, and the bulk stack 
is topologically nontrivial for the existence of surface-localized states. The 
massless Dirac characteristics are even more obvious than those of AA- and 
AB-stacked graphites, because the energy dispersion dependence on kz is 
weaker than that in Bernal graphite and simple hexagonal graphite by one 
or two orders of magnitude. The low-energy electronic and optical prop-
erties are reviewed in both rhombohedral and hexagonal unit cells, which 
are, respectively, built from two and eight sublattices. The former with R m3  
symmetry is the primitive unit cell of ABC-stacked graphite, whereas the 
latter with P3 symmetry is chosen to represent AA- and AB-stacked graph-
ite for the sake of convenience. They provide the same physical results, but 
due to the zone-folding effect in the latter, the former is more appropriate 
to comprehend the evolution of the Dirac cone and magnetic quantization 
under the influence of different βi

’s. In the minimal model with β0 and β1, 
the Dirac points rotate in a circular path with a constant radius of β1(v0ħ)−1 at 
the Fermi level. Each Dirac cone behaves as in a monolayer graphene with a 
Fermi velocity of 3β0b/2, giving rise to a linearly increased intensity of ω in 
the absorption spectrum. Under a magnetic field, the corresponding LSs are 
completely reduced to 0D dispersionless LLs that are classified to one group, 
just like monolayer graphene. Such LLs induce 2D delta-function-like peaks 
in the DOS that are equal in intensity and that follow a simple square‑root 
energy relationship E n n Bc v c v c v, , ,( ) ∝ 0 . Also, the magneto-absorption spec-
trum is identical to that of monolayer graphene in which the 2D spectral 
peaks are in the sequence, E n n B n nc v c v( ) ( )→ ∝ +0 , where nc − nv = ±1. 
These 2D characteristics based on the minimal model imply that the stack-
ing effect is not demonstrated in the minimal model because of the lack of 
consideration for all interlayer atomic interactions.
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The effect of βI’s beyond the minimal model are discussed in the general-
ized tight-bonding model. The Dirac cone becomes tilted and anisotropic, and, 
furthermore, it spirals around the corners of the first Brillouin zone (1st BZ) 
with a varying radius. These behaviors are believed to be caused by the influ-
ences of β3 and β4. The distortion of the isoenergy surfaces causes a deviation 
of linear absorption intensity in the low-energy region. With the knowledge of 
anisotropic energy dispersions, the magneto-electronic and magneto-optical 
properties are reviewed within semi-classical Onsager quantization and gen-
eralized Peierls tight-binding schemes. Both schemes are consistent in the low-
energy region. The 1D kz-dependent LSs are symmetric about the nc,v = 0 LSs in 
the first BZ; however, the electron-hole symmetry is broken down because the 
dispersion of the nc,v = 0 LSs moves according to the Dirac-point spiral. Based 
on the magneto selection rule ∆n = ±1, the vertical transitions of a single chan-
nel are found to have approximately the same energy along K–H. Moreover, the 
energy deviation from the monolayer energy dependence directly indicates the 
distortion of Dirac cones. As a case for the experimental verification of the the-
oretically predicted optical and electronic properties of AB-stacked graphite, 
the spiral Dirac-cone structure can be verified by using the same experimental 
techniques, such as ARPES, STS and magneto-optical spectroscopy.

The reduced dimension in the transverse y-direction can greatly diversify 
the electronic properties and optical spectra of carbon-related systems, espe-
cially those of carbon nanotubes and graphene nanoribbons. The essential 
properties are very sensitive to the radius/width, chirality/edge and peri-
odical/open boundary condition. As a result of the cylindrical symmetry, 
each carbon nanotube has angular-momentum-dependent electronic states, 
which are revealed as sine/cosine-form standing waves. The band-edge state 
energies and 1D energy dispersions strongly depend on radius and chirality, 
and so to do the frequency, number and intensity of 1D asymmetric absorp-
tion peaks. The ΔJ = 0 selection rule, which comes from the specific standing 
waves, represents the conservation of angular momentum during vertical 
excitations. This is independent of geometric structure. A parallel magnetic 
field induces the splitting of double degeneracy, the metal-semiconductor 
transition and the periodical Aharonov–Bohm effect, while a perpendicu-
lar one creates the coupling of distinct angular-momentum components and 
thus the destruction of the selection rule or extra absorption peaks. However, 
it is very difficult to observe the quasi-Landau level (QLL)-dominated essen-
tial properties, except for in cases with very high perpendicular magnetic 
fields or large carbon nanotubes.

As a result of the open boundary condition, graphene nanoribbons differ 
from carbon nanotubes due to the absence of a transverse quantum number, 
the edge-dominated standing waves, the edge-dependent selection rules, 
and the coexistence with the QLL-induced selection rule. The edge structure 
plays an important role in the existence of edge-localized states, uniform or 
non‑uniform energy spacings and state degeneracy. Specifically, the suben-
velope functions strongly rely on A and B sublattices, zigzag/dimer lines, 
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state energies and wave vectors. For zigzag and armchair nanoribbons, one 
and two special relations are, respectively, presented in valence and conduc-
tion subbands, which are responsible for the ΔJ = 2I + 1 and 0 selection rules 
of the zero-field optical spectra. The magnetic QLLs, being similar to LLs 
in monolayer graphene, are mainly determined by the competition between 
the width and magneto-length. They can exhibit lower-frequency symmetric 
absorption peaks with the ΔJ = ± 1 selection rule. Furthermore, the asymmet-
ric absorption peaks associated with the edge-dependent selection rule (the 
specific parabolic subbands) can survive at higher frequencies. The trans-
formation between these two types of absorption peaks is clearly revealed 
in B0-dependent magneto-optical spectra. It is relatively easily observed in 
zigzag nanoribbons compared with armchair systems. The latter can present 
very complicated peak structures because of the strong competition between 
ΔJ = 0 and ± 1 rules.

Part of the theoretical calculations agree with the experimental mea-
surements. ARPES has identified the 3D energy bands of Bernal graphite 
[71–75], Dirac cone structure in monolayer graphene [233], two/three linear 
valence bands in bilayer/trilayer AA stacking [50,51], two pairs of parabolic 
bands in bilayer AB stacking [78,79], linear and parabolic bands in trilayer 
ABA stacking [78,80], partially flat, sombrero-shaped and linear bands 
in trilayer ABC stacking [80] and 1D parabolic subbands and energy gaps 
in graphene nanoribbons [163,232]. Similar ARPES examinations could be 
done for the electronic structures of simple hexagonal and rhombohedral 
graphites, and carbon nanotubes. The STS confirmations of the DOS char-
acteristics cover a finite value at the Fermi level (the semimetallic behavior) 
and the bilayer- and monolayer-like LS energy spectra in Bernal graphite 
[71–75]; the V-shaped structure vanishing at E = 0 and the B0 ‑dependent 
LL energies in monolayer graphene; a special structure at E ∼  0.3 eV and 
the linear B0‑dependence (linear and square-root dependences) for LL ener-
gies in bilayer (trilayer) AB stacking [130,235–238]; a prominent peak near 
EF arising from flat bands in trilayer ABC stacking [128–130]; the radius- 
and chirality-enriched energy gaps and asymmetric prominent peaks in 
carbon nanotubes [142,207,208]; and the confinement-induced band gaps 
in graphene nanoribbons [164–167]. The other prominent magneto-elec-
tronic structures in DOS, which are presented by AA- and ABC-stacked 
graphene/graphite, carbon nanotubes and graphene nanoribbons, deserve 
closer experimental verifications. As to the geometry-diversified electronic 
excitations, the optical/magneto-optical measurements have confirmed the 
π-electronic strong peak at middle frequency and the K- and H-dominated 
magneto-absorption peaks of the inter-LS transitions in AB-stacked graphite 
[85,89–93]; the low-frequency shoulder structure and the π peaks and the 
monolayer- and bilayer-like inter-LL absorption frequencies in few-layer AB 
stackings [20,86,87,131,255,256]; the two low-frequency characteristic peaks 
in trilayer ABC stacking [131,272]; and the radius-, chirality- and magnetic-
field-dependent absorption peaks in carbon nanotubes [149]. Furthermore, 
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converted absorption frequencies for the lowest sombrero-shaped band 
have been observed by magneto-Raman spectroscopy in ABC-stacked gra-
phene of up to 15 layers [139]. Optical spectroscopies could be further used 
to check the intra- and inter-LS absorption peaks and the beating spectra in 
AA-stacked graphite, the transitions of intra-Dirac cones and intra-LL groups 
in few‑layer AA stackings, the monotonic/complex magneto-excitation spec-
tra in ABC‑stacked graphite/graphenes and the edge- and QLL-dependent 
selection rules in graphene nanoribbons.

The various geometric structures and diverse intrinsic properties clearly 
indicate that graphite-related systems are suitable for the development of 
basic and applied sciences. Furthermore, the chemical doping of atoms and 
molecules could greatly enhance the application ranges. Pristine graphite is 
a suitable precursor for other carbon-related materials. Graphite fibers are 
frequently used as reinforced materials because of their excellent mechanical 
properties [283–286]. Graphite intercalation compounds, with tunable carrier 
densities, could serve as electrodes [287,288]; superconductors [12,299,300]; 
photoelectrocatalytic, electrochemical and biomedical sensors [294–298]; 
and microbial fuel cells [301–303]. Layered graphenes and their compounds, 
which possess rich and controllable electronic and optical properties, are 
expected to present a wide range of applications, such as field‑effect transis-
tors (FETs) [328–331], photodetectors [326,327], optical modulators [326,327], 
solar cells [314–317], touchscreen panel devices [307,308], various sensors 
[339,340], high-capacity batteries [345,346], supercapacitors [337,338] and 
energy storage [347,348]. The dimension-enriched essential properties in 
1D carbon nanotubes have high potential in FETs [351–353], light-emitting 
diodes (LEDs) [357–359], electroluminescent light emitters [354,355], photo-
detectors [322–324] and high-performance interconnects [360,361]. Moreover, 
the finite-size effects of graphene nanoribbons can be used to develop 
nanoscale devices, for example, FETs [6,362–364].

The current work is closely related to the layered materials, with various 
lattice symmetries, planar/curved structures, stacking configurations, layer 
numbers and dimensions. The emergent group-IV 2D materials, which cover 
graphene, silicene [177,377], germanene [378,379], tinene [380] and mono-
layer Pb [381], are high-potential candidates for studying rich and unique 
physical, chemical and material phenomena. Such systems possess a lot of 
intrinsic properties in terms of lattice symmetries, planar or buckled struc-
tures, intralayer and interlayer atomic interactions, single- or multi-orbital 
chemical bondings [181], distinct site energies and spin-orbital couplings. 
The complicated relations between the significantly important interactions 
are expected to create the critical Hamiltonian and thus greatly diversify the 
essential properties. The generalized tight-binding model, which is reliable 
under uniform/non‑uniform magnetic and electric fields [174–177,179–181], 
deserves further developments to make thorough and systematic investiga-
tions, especially for the diversities among five-layer systems. All the atomic 
interactions and external fields could be included in the calculations on 
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electronic structures and optical properties simultaneously. The diverse phe-
nomena in group-IV layered systems might become mainstream research 
topics in the near future, such as orbital-, spin- and valley-dominated mag-
netic quantizations; optical and magneto-optical selection rules; dimensional 
crossovers; adatom/molecule doping-induced energy gaps or free‑carrier 
densities; stacking-modulated Dirac-cone structures and quantum Hall con-
ductivities; and element-dependent plasmon modes and Landau dampings.

The combination of the generalized tight-binding model with the static 
Kubo formula is suitable for studying the quantum Hall effect (QHE) in 
layered materials. It could provide reliable LL energy spectra and wave 
functions, even under complicated anti-crossing behaviors. As a result, 
the available inter-LL transitions for the QHE and the selection rules are 
obtained exactly. The study of the bilayer and trilayer graphenes shows that 
the various stacking configurations greatly diversify the quantum transport 
properties [372]. The diverse features cover the non-integer conductivities; 
integer conductivities with distinct heights; LL-splitting-induced reduction 
and the complexity of quantum conductivity; zero or finite conductivity at 
the neutral point; and the well-like, staircase, composite and abnormal pla-
teau structures in magnetic field dependencies. Similar studies on other 2D 
systems are expected to present more quantum phenomena.

As for the electronic Coulomb excitations, the delicate random-phase 
approximation has been successfully developed for 2D graphene systems, 
according to the layer-dependent subenvelope functions [59,371]. This point 
of view is the same as that of the generalized tight-binding model under vari-
ous external fields. Thus, their combination could include intralayer and inter-
layer atomic interactions, intralayer and interlayer Coulomb interactions, and 
magnetic and electric fields simultaneously [59,61,177–180,371,373,382–384]. 
Up to now, systematic studies on single-particle and collective excitations 
(electron-hole pairs and plasmon modes) have been made for bilayer AA and 
AB stackings with/without magnetic quantization [59,382], monolayer gra-
phene under a magnetic field [373], few-layer graphenes in the presence of 
an electric field [61,383,384], silicene with/without gate voltage or magnetic 
quantization [177–179] and germanene [180]. Such systems might exhibit 
unusual excitation phase diagrams associated with transferred momenta 
and energies, as they are never revealed in 2D electron gas systems. The 
many-particle phenomena arising from electron–electron interactions in 
emergent 2D materials are worthy of thorough investigations.
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Problems

The following problems focus on the electronic and optical properties of 
graphene-related systems, and they can be solved by using the tight-binding 
model and the gradient approximation method in Chapter 2.

	 1.	The essential properties of monolayer graphene are determined 
by the nearest-neighbor intralayer hopping integral of 2pz orbitals. 
Calculate (1) energy bands and wave functions in the first Brillouin 
zone; and (2) velocity matrix elements during vertical optical excita-
tions. Also, (3) discuss the main features of the velocity matrix ele-
ments near the Dirac point; and (4) examine whether the low-energy 
velocity matrix elements have a constant value.

	 2.	Consider an AA-stacked bilayer graphene with the highest configu-
ration symmetry. When the nearest-neighboring intralayer and the 
vertical interlayer hopping integrals are taken into account, show 
that (1) two pairs of Dirac cones can be characterized by analytic 
forms; (2) only the intra-Dirac-cone vertical transitions are available 
in absorption spectra by examining the linear superposition of the 
four tight-binding functions. (3) Show that the main features of Dirac 
cones in (1) and (2) are not affected by the gate voltage (a uniform 
perpendicular electric field).

	 3.	Based on the low-energy expansions near the K point, (1) obtain the 
approximate Hamiltonian matrix elements for monolayer and AA 
bilayer stacking. Use creation and destruction operators to deter-
mine (2) the low-lying Landau levels (LLs) and well-behaved spatial 
distributions; (3) the specific magneto-optical selection rule; and (4) 
the threshold absorption frequency.

	 4.	Monolayer graphene is present in a non‑uniform perpendicular 
magnetic field. This field is assumed to be spatially modulated along 
the armchair direction in the cosine form, leading to an enlarged 
unit cell with 2NB carbon atoms. Calculate (1) the vector potential; 
(2) the near-neighbor Peierls phases; and (3) the independent hop-
ping integrals or Hamiltonian matrix elements. Similar calculations 
should be generalized to a uniform magnetic field accompanied by 
a modulated (4) electric or (5) magnetic field.

	 5.	 (1) Discuss the similarities and differences between AA-stacked gra-
phenes and simple graphite for electronic and optical properties in 
the absence/presence of a uniform perpendicular magnetic field. 
(2) Apply the same investigations for AB-stacked graphenes and 
Bernal graphite.
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	 6.	For (1) trilayer ABA-stacked graphenes and (2) ABC-stacked 
graphenes, calculate the Hamiltonian matrix elements under a 
uniform magnetic field using the intralayer and interlayer hopping 
integrals in Chapter 2.

	 7.	Explain why it is very difficult to observe the dimensional crossover 
behavior associated with ABC-stacked graphenes and rhombohe-
dral graphite.

	 8.	Carbon nanotubes possess the periodical boundary condition 
and the curvature effect. Evaluate the analytic π-electronic energy 
dispersions for (1) (P,P) armchair nanotubes; and (2) (P,0) zigzag 
nanotubes by using the nearest-neighbor hopping integrals pro-
vided in Section 6.1. Show that (3) the magneto-electronic band 
structures exhibit the Aharonov–Bohm effect in the presence of a 
parallel magnetic field. Also, discuss (4) the relation between energy 
gap and magnetic flux (ϕ) for armchair and zigzag systems by deter-
mining the lowest unoccupied state and the highest occupied state; 
and discuss (5) the magneto-optical selection rule under a parallel 
electric polarization.

	 9.	An Ny = 2 zigzag nanoribbon is the smallest 1D system. Investigate 
(1) the energy bands and (2) wave functions of the Hamiltonian 
matrix elements with nearest-neighboring hopping integrals of 
2pz orbitals; and (3) the dependences on the magnetic flux through a 
hexagon.

	 10.	Compare (1) the important differences between armchair (zigzag) 
nanotubes and zigzag (armchair) nanoribbons in terms of energy 
band, wave function, magnetic quantization and selection rule; and 
(2) propose concise physical pictures to explain them.

	 11.	Discuss the evolution of magnetic quantization with dimension 
for AA, AB and ABC stackings by illustrating the sp2-bonding 
graphene-related systems.
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