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Elementary mathematical expressions 

Quadratic equations 

   2 2a b a b a b     (1) 

The solutions to the general quadratic equation 
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are 
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Taylor and Maclaurin series (power-series expansion) 

The Taylor series  
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gives a useful way of approximating a function near to some specific point x a , giving 
a power-series expansion in  n

x a  for the function near that point.  

The Maclaurin series 
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is a special case of the Taylor series where we are expanding around the point 0x  . 

Power-series expansions of common functions 

For small a, the Maclaurin expansions of various common functions are, to first order  
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Sine and cosine addition and product formulae 
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Differential calculus 

Product rule 
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uv u v

dx dx dx
   (26) 

Quotient rule 
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Chain rule 
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Derivatives of elementary functions 
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Integral calculus 

Integration by parts 
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where we use the common notation 
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and, specifically, here 
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Some definite integrals 
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Partial differentiation 

For a function  ,h x y  that is a function of two independent variables x and y, the partial 

derivative, often stated as “partial d h by d x” or, more explicitly, “partial d h by d x at 
constant y”, and written as 
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  (49) 

is the derivative of h with respect to x with the y variable held at a constant value. That 
value can also be explicitly stated, for example, as in the notation 
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which would be the partial derivative taken at the specific value oy y .  

Higher partial derivatives can be formed similarly, as in the notations 
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and, for the “cross derivative”,  
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Provided all the various first derivatives and the two cross-derivatives in the two different 
orders both exist, we can interchange the order of the partial differentiations in the cross-
derivative; that is, 
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For small or infinitesimal changes dx in x and dy in y, the resulting total change in h or 
differential or exact differential is written 
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If x and y are both functions of some other variable t, then the total derivative /dh dt is 
given by  
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If x and y are each themselves functions of two variables a and b, then we can write 
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Because this works for any function of x and y (for which all appropriate derivative 
exist), we can write 
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 (57) 

which can be used to change partial derivatives from one coordinate system to another.  
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Vector calculus 

Cartesian coordinates 

The the   operator, which occurs in various different vector calculus operators, is known 
as del or nabla, can be written as 

 
x y z

  
   

  
i j k  (58)  

in Cartesian coordinates, with i, j, and k as unit vectors in the x, y, and z directions 
respectively. 

The gradient operator operates on a scalar function ( , , )f x y z  to give a vector whose 
magnitude and direction are the slope or gradient of the scalar function at the point of 
interest. In Cartesian coordinates 
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The Laplacian operator, also known as del squared, operates on a scalar function, giving 
a scalar result. It is written in Cartesian coordinates as 
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The operator   , sometimes also written as 2 , can operate on a vector function, in 
which case, in Cartesian coordinates, we have 
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In Cartesian coordinates, the divergence of a vector F is defined as 

 div yx z
FF F
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In Cartesian coordinates, the curl of a vector F is defined as 

 curl y yx xz z
F FF FF F

y z z x x y

                           
F F i j k  (63) 

or in the equivalent “determinant” shorthand form,  

 

x y z

x y z

F F F

  
 

  

i j k

F  (64) 

  



Mathematics reference David Miller  

Quantum Mechanics for Scientists and Engineers On-Line Course  8 

Spherical polar coordinates 

In spherical polar coordinates, which can be defined as in the following diagram 

 

with 

 sin cosx r     (65) 

 sin siny r    (66) 

cosz r   

the gradient can be written 

 
1 1ˆ ˆˆ

sin

f f f
f

r r r
 

  
  

   
  

r  (67) 

the Laplacian can be written 
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the divergence can be written 
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and the curl can be written 
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Vector calculus identities 
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